INERTIA SPACES OF PROPER LIE GROUP ACTIONS AND 
THEIR TOPOLOGICAL PROPERTIES 

CARLA FARSI, MARKUS J. PFLAUM, AND CHRISTOPHER SEATON 

Abstract. We study the topology of the inertia space of a smooth G-manifold 
M where G is a compact Lie group. We construct an explicit Whitney strat- 
ification of the inertia space, demonstrating that the inertia space is a trian- 
gulable differentiable stratified space. In addition, we demonstrate a de Rham 
theorem for differential forms defined on the inertia space with respect to this 
stratification. 
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1. Introduction 

Let G be a compact Lie group acting (from the left) on a smooth manifold AI . 
In the case where G acts locally freely on M, the orbit space X G\M is an 
orbifold. Moreover, in this situation, the inertia space h.X of the orbifold X can be 
defined as the quotient of the disjoint union Ugec fixed point manifolds 

by the natural action of the Lie group G. It turns out that KX is an orbifold as 
well which in general has several connected components of varying dimension. The 
inertia space of an orbifold has originally been introduced by Kawasaki in |Kaw78[ 
p. 77] and subsequently used in jKAW79[ IKAW84j . In these papers, the inertia 
orbifold served as a bookkeeping device for the formulation of the topological index 
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in an orbifold signature theorem resp. an orbifold index formula. Since Kawasaki's 
work, the inertia orbifold has played a major role for all formulations of index 
theorems on orbifolds; see e.g. |Far92[ [Far071 IPfPoTa07[ IVerg] . In addition, 
the inertia orbifold has been widely studied in connection with the Chern character 
for orbifolds, which provides an isomorphism between the (rationalized) orbifold 
if -theory and the cohomology of the inertia orbifold, as well as with Chen-Ruan 
orbifold cohomology, which is additively isomorphic to the cohomology of the inertia 
orbifold; see e.g. IAdLeRuI [BaCoI IBaBrMPhI . 

In the general case, where the action of G is no longer assumed to be locally free, 
the space G\M is not necessarily an orbifold but rather a differentiable stratified 
space; see |Pfl|, Chap. 4]. In this case, however, an analog of the inertia orbifold 
has appeared in connection with the study of the convolution algebra (M) x G 
from the point of view of noncommutative geometry. More precisely, Brylinsky 
demonstrated in |BRYj that the Hochschild cohomology of the convolution algebra 
C°°{M) XI G is isomorphic to the space of relative basic differential forms on an 
appropriately defined space which in this paper we will identify with the inertia 
space of the groupoid G x M. Similarly, Block and Getzler proved in |BlGe) that 
the periodic cyclic cohomology of the convolution algebra G is isomorphic to a sheaf 
of equivariant differential forms defined as a sheaf on G. When G is connected, this 
sheaf can also be understood as a sheaf of equivariant relative differential forms 
on the inertia space. In their paper [LuUr) . Lupercio-Uribe defined for every 
topological groupoid G an inertia groupoid AG. More precisely, the inertia groupoid 
AG is the transformation groupoid G k Bo, where Bq is the space of loops of the 
groupoid G, i.e. the set of all arrows g such that the source s{g) coincides with 
the target t(g). The inertia space of G then is orbit space of the inertia groupoid 
AG or in other words the quotient space G\Bo. If G is a proper etale Lie groupoid 
representing an orbifold A, the thus defined inertia space coincides with the inertia 
orbifold of X as defined originally by Kawasaki and subsequent authors. See also 
jApGo) for recent results on the A'-theory of inertia spaces of compact Lie group 
actions where the fundamental group of the Lie group is torsion-free and all isotropy 
groups have maximal rank. 

With this paper, we aim at defining a general notion of the inertia space of a 
proper Lie groupoid and studying its fundamental properties in the basic situation 
where the Lie groupoid is a transformation groupoid G k A/ with G a compact Lie 
group. Under this hypothesis, we give an explicit stratification of the inertia space 
in Theorem 14.11 Additionally, we demonstrate a de Rham theorem for differential 
forms on the inertia space in Theorem 15. II Note that (locally), the inertia space is 
a subanalytic set, hence is known to admit a stratification by jMASn) . However, 
the stratification constructed here is given explicitly in terms of local data on AI 
and G, similar to the well-known stratification of G\M by orbit types. 

In the case that G is a torus and M is stably almost complex, an inertia space 
is implicitly realized as a differentiable stratified space in [GoHoKn] . where the 
Chen-Ruan orbifold cohomology is extended to this case. This construction differs 
from ours in that their inertia space is implicitly defined as a subquotient of the 
space M X G where G denotes the group G with the discrete topology; the inertia 
space then appears as the disjoint union of an infinite family of quotients of G- 
invariant submanifolds of M. Our construction considers the inertia space as a 
subquotient of the manifold M y. G where G is given its usual topology as a Lie 
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group. Hence, while these inertia spaces are the same as sets, the topology of our 
inertia space does not coincide with that of [GoHoKn] . 

This paper is organized as follows. In Section [21 we review the notions of dif- 
ferentiable spaces and difFerentiable stratified spaces. In Section [3l we define the 
inertia space as well as the structure sheaf with which it is a differentiable space. In 
the same section, we also study the local properties of the inertia space and in par- 
ticular demonstrate that it is locally contractible and triangulable. In SectionjH we 
explicitly describe the stratification of the inertia space; we give several examples 
of the main construction before proving the corresponding main result, Theorem 
14.11 In Section [5l we prove Theorem l5.1[ a de Rham Theorem for the inertia space. 
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2. Preliminaries 

In this section, we recall the definitions of differentiable spaces and differentiable 
stratified spaces. Hereby, we use the notion of a differentiable space as originally 
introduced by Spallek |Spa69[ ISpaT O', 'Spa71' 'SPA72j. and follow the exposition 
and notation of |GoSAj : see also [Hie75, Bie80, BreI IPfl] for more details on 
stratified spaces. 

Recall that a locally M.-ringed space {X, O) consists of a topological space X 
equipped with a sheaf O of R-algebras such that at each point x G X the stalk Ox 
is a local ring. Note that by definition there then exists for each point x E X and 
open neighborhood C/ of a; an evaluation map Cx '■ O ^ M., f ^ fi^)- A morphism 
of locally M-ringed spaces {X,0) {Y,Q) is a pair (/, F), where f : X Y 
is a continuous map and F : Q f^O a morphism of sheaves over Y such that 
for each x G X the induced map on the stalks Fx : Qf{x) — >■ Oa; is a local ring 
honiomorphism. Obviously, locally R-ringed spaces with their morphisms form a 
category. 

A locally R-ringed space is called an ajfine differentiable space, if for some n G N* 
there is a closed ideal a C C°°(M") such that {X, O) is isomorphic as a locally R- 
ringed space to (Spec^ {A) , A) . Here, A denotes the differentiable algebra C°° (R" )/a, 
Spec^(v4) is the real spectrum of A, i.e. the collection of all continuous M-algebra 
homomorphisms A ^ R equipped with the Gelfand topology, and A is the structure 
sheaf on Spec^(^), i.e. the sheaf associated to the presheaf U ^ A(j, where U runs 
through the open sets of SpeC;.(^) and Ajj is the localization of A over U. A locally 
ringed space {X, O) is a differentiable space, if for each point x d X there is an 
open neighborhood U such that the restriction {U,0^u) is an affine differentiable 
space. If in addition the map 

0{U) ^ C{U), f^f:^{U3x^ fix) e M) 

is injective for each open U C X, one calls (A, O) a reduced differentiable space. 
A reduced differentiable space is called a smooth differentiable space, if for each 
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point X ^ X there is an open neighborhood U such that the restriction {U,0\ij) 
is isomorphic as a locally R-ringed space to some (R",C|^), where denotes 
the sheaf of smooth functions on R". Examples of reduced differentiable spaces 
include smooth manifolds, the orbit space of a proper smooth action of a Lie group 
on a manifold or more generally of a proper Lie groupoid jPFPoTAll] , algebraic 
varieties, and symplectically reduced spaces. 

Let now F C X be a locally closed subspace of a differentiable space {X,0). 
Then, Y carries a natural structure sheaf 0\y such that {Y, 0\y) becomes a reduced 
differentiable space. More precisely, if C F is relatively open and [/ C X open 
with = [/ n r, the algebra of all / £ C{V) such that there is an G 0{U) 
with f{x) — F{x) for aW x ^ V is independant of the particular choice of U and 
coincides by definition with 0\y{U n Y). Note that in general, the restricted sheaf 
Oyf coincides with the puUback sheaf i*0 for the embedding i -.Y ^ X only if Y 
is open in X. 

Suppose now that (X, O) is a reduced differentiable space which in addition 
carries a stratification in the sense of Mather [Mat73], see also jPFLl Chap. 1]. 
Then every stratum 5 of X is locally closed, hence one obtains for every stratum 
S the restricted sheaf 0\s- Denote by C|° the sheaf of smooth functions on the 
smooth manifold S. We say that (X, O) is a differentiable stratified space, if for 
each stratum S of X, the sheaves 0\s and Cg^ coincide. Note that this notion 
of a differentiable stratified space is equivalent to the notion of a stratified space 
with C°°-structure as defined in |Pfl1 Sec. 1.3]. In particular, given an affine set 
U (i.e. an open subset U C X such that {U, O^u) is an affine differentiable space), 
an isomorphism of {U,0^u) with Spec^(C°°(R")/a) defines a singular chart for U 
in the sense of jPPLi Sec. 1.3]. Often, we denote the structure sheaf of a reduced 
differentiable space X or a differentiable stratified space X by Cx- 

To give an example of a differentiable stratified space, consider a Lie group G 
acting properly on a smooth manifold M. Let tt : M — >■ G\M be the quotient 
map. It is well known (cf. e.g. |Pfl[ Sec. 4.3] or |DuKo[ Sec. 2.7]) that the orbit 
space G\M is stratified by orbit types. Specifically, let Gx < G denote the isotropy 
group of a point x G M, let (Gx) denote the G-conjugacy class of Gx, and let 
M(Q^-f denote the collection oi y E M such that Gy is conjugate to Gx- Then 
the stratification of G\M by orbit types is given by assigning to each x E M the 
germ of the set G\M((3^). Moreover, by [Pfl|, Thm. 4.4.6], the orbit space carries 
a canonical differentiable structure which is compatible with the stratification by 
orbit types. In other words, G\M thus becomes a differentiable stratified space. 
The structure sheaf C^^j^j is given by assigning to an open subset U of G\M the 
R-algebra of continuous functions on U which pull back to smooth G-invariant 
functions on Tr~^(U), i.e. 

c^wiu) ■■={fe e{u) I / o G c'^{p-\u)f}. 

3. The Inertia Space of a Proper Lie Groupoid 

Recall that by a groupoid one understands a small category G such that all 
arrows are invertible, cf. |MoMr] . Denote by Gq the set of objects and by Gi the 
set of arrows of a groupoid G. The source (resp. target) map will then be denoted 
by s : Gi — Go (resp. t : Gi — > Gq), the unit map by m : Gq ^ Gi, the inversion by 
i : Gi — Gi, and finally the composition map by m : G XGq Gi — > Gi. If Gi and 
Go are both topological spaces, and all structure maps continuous, the groupoid is 
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called a topological groupoid. If in addition, Gi and Go are smooth differentiable 
spaces, all structure maps are smooth maps, and s and t are both submersions, G 
is called a Lie groupoid. Note that the arrow set of a Lie groupoid in general need 
not be a Hausdorff topological space. 

If G is a topological groupoid, and both s and t are local homeomorphisms, G is 
called an Stale groupoid, in case the pair (s, t) : Gi ^ \sfGo x Gq is a proper map, 
one says that G is a proper groupoid. 

Fundamental examples of proper Lie groupoids are given by transformation 
groupoids G k M, where G is a Lie group which acts properly on a smooth manifold 
M. The object space of such a transformation groupoid is given by (G k AI)o :— M, 
the arrow space by (G k M)i := G x M, and the structure maps are defined as 
follows: 

s:(GxM)i^(GxM)o, {g,p)^p, 

t:{GKM)i ^ (GkM)o, {g,p)^gp, 

u : {G K M)o ^ {G K M)i, p >^ {e,p), 

i:{GK M)i ^ (G K M)i, ig,p) ^ {g-\p), and 

m : (G X M)i X(g^m)o (G x A/)i ^ (G x M)i, {{g,hp),{h,p)) ^ {gh,p). 

Let now G be an arbitrary proper Lie groupoid. One then defines the loop space 
of G as the subspace 

(3.1) Bo:={A;eGi |s(fc) = i(fc)}. 

Sometimes, we denote the loop space also by A(Go). The groupoid G acts on the 
loop space in the following way; 

Gi XGo Bo ~> Bo, {g,k) ^ gkg^^ . 

We can now define: 

Definition 3.1 (cf. |LuUr| ). Let G be a proper Lie groupoid, and Bq its loop 
space. The action groupoid G x Bq then is called the inertia groupoid of G. It will 
be denoted by AG. The quotient space G\AG will be called the inertia space of 
the groupoid G. If AT denotes the orbit space G\Go, we sometimes write (by slight 
abuse of notation) A AT for the inertia space of G. 

Remark 3.2. The loop space Bo is a closed subset of the smooth manifold Gi , hence 
inherits the structure of a differentiable space. Moreover, Bo is locally semialgebraic, 
hence possesses a minimal Whitney B stratification, and a triangulation subordinate 
to it. The inertia space KX inherits these properties from the loop space as well. 
We will elaborate on this in a forthcoming publication. 

Remark 3.3. The inertia space AAT depends in fact only on the Morita equivalence 
class of the proper Lie groupoid G. So if one thinks of AT as a topological space 
together with a Morita equivalence class of Lie groupoids having AT as orbit space, 
the notation KX is fully justified. 

Let us now describe the inertia space in the particular situation, where the 
underlying proper Lie groupoid is a transformation groupoid G x M with G x M ^ 
M a proper Lie group action. The loop space Bo then is given as the closed subspace 

AM := Bo := {ik,x) e G x M \ kx ^ x} 
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of G X M. Moreover, G acts on G x M by 

G X (G X M) (G X Af), (5, (fc,x)) ^ g{k,x) := {gkg'^.x). 

This action leaves A A/ invariant. The inertia space of G k M now coincides with 
the quotient space KX := G\AAf, where X := G\M. Sometimes, we call AX the 
inertia space of the G-manifold M . 

Proposition 3.4. The inertia space AX of a G-manifold M carries a natural 
and uniquely determined structure of a differ entiable space such that the embedding 
i : AX ^ G\(G X M) becomes a smooth map, where G\(G x M) carries the unique 
differentiable structure such that the canonical projection g : G x M G\(G x M) 
is smooth. 

Remark 3.5. In the following, we denote the canonical projection M — >■ G\M of 
a G-manifold M to its orbit space by . Instead oi g^^^ we often write g, if no 
confusion can arise. The restriction of g to AM will be denoted by g, that means 
g : AM — > AX is the orbit map from the loop space to the inertia space. 

Proof Recall that by |GoSa[ Thm. 11.17], the quotient G\(G x Af) is a differen- 
tiable space, and that the structure sheaf on G\(G x M) is uniquely G\(G x M) 
determined by the requirement that the quotient map g is smooth. Since AAf is a 
closed G-invariant subspace of G x M, it follows from [GoSaI Lem. 11.15] that AX 
is a differentiable space. Again, the structure sheaf is uniquely determined by the 
requirement that the t : AX ^ G\(G x M) is smooth which according to |GoSa[ 
Lem. 11.15] is the case indeed. □ 

Let us briefly give a more explicit description of the structure sheaf on the inertia 
space. Let U C AX be open. Then C'f°^{U) is the space of all / G C{U) such that 
there exists an open W C G x M and a function F e C°°{W) which have the 
property that WD AM — g^^{U) and that -FivkhAA/ = f ° g\wnAM- In other words, 

CTxiU) ^ {C^ig-'mf. 

Hence, the structure sheaf of AX is given by the restriction of the smooth G- 
invariant functions on G x Ai^ to AM. 

The inertia space AX of a G-manifold M carries even more structure. In the 
following considerations we will explain this in more detail. 

3.1. Reduction to Slices in M. Fix a point x G M, and let be a slice at 
X for the G-action on M. By a slice at x we hereby mean a submanifold C 
M transversely to the orbit Gx such that the following conditions are satisfied 
(cf. [BreI II. Theorem 4.4]): 

(SLl) Y^ is closed in GY^, 

(SL2) GYx is an open neighborhood of Gx, 

(SL3) G^Y^ = Y^, and 

(SL4) gY^ n 7^ implies g e G^ . 

After possibly shrinking Y^, we can even assume that Y^ is a linear slice, which 
means that 

(SL5) there exists a Ga;-equivariant diffeomorphism Y^ of the slice Y^ onto 

the normal space :— T^M/T^Gx. 
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Note that we implicitly have used here the fact that Gx acts linearly on the nor- 
mal space Nx- After choosing a G- invariant riemannian metric on M, the image 
exp(_B2^) of every sufficiently small open ball Bx around the origin of Nx under 
the exponential map is a linear slice at x. We will assume from now on that all 
slices are linear. By (SL[5l) this implies in particular that there is a G^^-equivariant 
contraction [0, l\xYx ^Yx to the point x. Let us also recall at this point the slice 
theorem |Kosj which tells that the map 

(3.2) e:G>iG^Yx~^GYxAKy]^hv 

is a G-equivariant diffeomorphism between G Xq^Yx and the tube GYx C M about 
Gx. 

Let us now examine the loop and the inertia space of the G- manifold G x Kj. . 
By definition, the loop space is given by 

A(G Xg. Yx) = {(ff, [h,y]) e G X (G Xg. K,) | g[h,y] = [h,y]]. 

In addition, the map 

idG x6i : G X (G xg, Yx) G x M 

is a G X G-equivariant diffeomorphism onto a G x G-invariant open neighborhood 
of (e, x) in G X M. Hence the restriction 

KO (idG x0)|A(Gxc.y.) : A(G Xg. Yx) ^ (G x GYx) n AM C KM 

becomes a G-equivariant homeomorphism onto the G-invariant neighborhood (G x 
GYx)C\KM of (e, x) in AM. Moreover, it follows that h.9 is an isomorphism between 
the differentiable spaces A(G xg, Yx) and (G x GYr) n AM by [GoSa[ Lem. 11.15]. 

Next let us consider the loop space KYx '■— {{h,y) G Gx x Yx \ hy = y} of the 
G^^-manifold Yx- Then we have the following result, which provides a local picture 
of the inertia space of a G-manifold M. 

Proposition 3.6. Let Yx a slice at the point x of a G-manifold M. Then the 
inertia space A(Gx\Yx) of the Gx-manifold Yx is isomorphic as a differentiable 
space to the open neighborhood A{G\GYx) of the point G{e,x) in the inertia space 
A{G\M). 

Proof. Consider the map (f> : AYx — > A(G Xq,^ Yx) defined as the restriction of the 
smooth map 

GxXYx^Gx{Gxg^Yx), ih,y)^ih,[e,y]). 

to AYx. Obviously, by elementary considerations, (jj is continuous and injective. 
Moreover, (jj is a, morphism of differentiable spaces since it is the restriction of a 
smooth map between manifolds. Since is equivariant with respect to the canonical 
embedding Gx ^ G, it also induces a continuous map between the quotients 

$ : A(G,\y,) ^ A(G\ (G xg. Yx)) = A{G\GYx), Gx{h,y) ^ G{h, [e,y]). 

Let us show that <i> is bijective. This will prove the claim. 

To show that is injective, suppose that {h, y) and {h, y) are elements of AYx 
such that ^{Gxih,y)) = ^{Gx{h,y)). Then G{h, [e,y]) = G(/i, [e,y]) so that there is 
a g e G such that (/i, [e,?/]) — g{h, [e,y]). Therefore, [e,y] — [g,y] and h = ghg^^, 
so that there is an /i G Gx such that {h~^,hy) = {g,y). But this implies that 
h^^ — g € Gx and y — gy, so that g(h,y) — {h,y) with g e Gx- It follows that $ 
is injective. 
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To show that $ is surjective, let (fc, [g,y]) be an arbitrary element of the loop 
space A(G Xg^ Yx) which means that k[g,y] — [g,y]. Then g^^kg[e,y] = [e,?/], 
so that by (SIJl]) g~^kg G Gx- Since g~^{k, [g,y]) = [g^^kg, [e,y]), it follows that 
^{Gx{g'^kg,y)) = G{k, [g,y]), and $ is surjective. 

Finally, we claim that $ is even an isomorphism between differentiable spaces. 
To this end note first that for all / e C°°(A(G\ (G Xg, Yx))) the pullback $*(/) is 
a smooth function on AG\yj;, since 

$*(/)°^'^;V. = /°^^^A(GxI>.)°'^' 

where we have used the notation as explained in Remark l3.5l By surjectivity of $, 
the pullback $* : C°°(A(G\ (G Xq, Yx))) C°° {AiGx\Yx)) is injective. 

To show that $* is surjective, let h e C°° [A{Gx\Yx)) . Since AKr is a closed 
differentiable subspace oi G x Yx, there exists a smooth _ff on G x y^,, such that 
H\AY^ —ho gJ^Y ■ possibly averaging over Gx one can even assume that H is 
Gjj-invariant. With this, we define / : G x [G Xq^ Yx) — 7> E by setting f{k, [g, y]) — 
H{g~^kg,y). By Ga:-invariance, / is well-defined and smooth. Moreover, / is 
G-invariant, hence on has 

/lAGXG^X. - / ° £'|A(GXG,n) 

for some smooth / : A(G Xq_^ Yx) — > M. By construction it is clear that then 
$*(/) — h, hence $* is surjective. This proves that <& is even an isomorphism of 
differentiable spaces. □ 

In the preceding proposition, one can choose for each a; G M the slice Yx to be 
equivariantly isomorphic to a ball Bx in some finite dimensional orthogonal Gx- 
representation space Vx- Moreover, since every compact Lie group has a linear 
faithful representation, we can assume that Gx is (represented as) a compact real 
algebraic group. The loop space ABx — {{k,x) G Gx x Bx \ kx = x] then is a 
semi-algebraic set in Gx x Vx- Since by the Proposition the inertia space A(G\M) 
has a locally finite cover by open subsets such that each of the elements of the cover 
is isomorphic as a differentiable space to some inertia space A{Gx\Bx) the inertia 
space of the G-manifold M is locally semi-algebraic in the sense of Delfs-Knebusch 
[DeKnI Chap. I]. 

Corollary 3.7. The inertia space A{G\M) of a G-manifold M is locally semi- 
algebraic. 

A semi-algebraic set X has a minimal C°°-Whitney stratification according to 
[Mat73| Thm. 4.9 & p. 210]. By definition of a stratification as in |Mat73| Sec. 1.2] 
it follows that every locally semi-algebraic space carries a minimal C°°-Whitney 
stratification compatible with the differentiable structure. By the Corollary, the 
inertia space of a G-manifold M therefore possesses a minimal C°°-Whitney strat- 
ification as well, and becomes a differentiable stratified space. We will call this 
stratification the canonical stratification or the minimal Whitney stratification of 
the inertia space. Since the canonical stratification satisfies Whitney's condition 
B, there even exists a system of smooth control data for the canonical stratifi- 
cation (cf. [MAT70j and [PflI Thm. 3.6.9]). According to [GorI Sec. 5] |Vero[ 
Cor. 3.7] there exists a triangulation of the inertia space subordinate to the canon- 
ical stratification. Hence, the inertia space is triangulable and in particular locally 
contractible. We thus obtain the following result. 
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Theorem 3.8. The inertia space AX of a G-manifold M is in a canonical way a 
locally compact locally contractible differentiable stratified space. Its canonical strat- 
ification satisfies Whitney's condition B and is minimal among the stratifications 
of KX with this property. Moreover, there exists a triangulation of the inertia space 
subordinate to the canonical stratification. 

That the inertia space is locally contractible can be shown directly as well. The 
main point hereby lies in the following result which also will be needed later to 
prove a de Rham Theorem for inertia spaces. 

Proposition 3.9. Let M and G be as above, and consider a point {h,x) in the 
loop space AM. Then there is a linear slice V(^fi.x) {h, x) such that the action of 
scalars t € [0, 1] on V(^h,x) leaves the set V(^h,x) H invariant. The linearization 
V(h.x) ^ ^{h,x) ^ N(h.x) from V(h,a;) ^0 an open convex neighborhood of the origin 
in the normal space Af(/i,a;) '■— T(^h.x){G x M) /T(h ;i.){G{h^x)) can hereby be chosen 
as the inverse of the restriction exp|g^^ ^ of the exponential map corresponding to 
an appropriate G-invariant riemannian metric on G x M . 

Proof. Choose a G-invariant riemannian metric on M, a bi- invariant riemann- 
ian metric on G (cf. [DuKoi Prop. 2.5.2 and Sec. 3.1]), and let G x M carry 
the product metric. Recall that under these assumptions, the exponential map 
T(h,x){G X M) G X M decomposes into a product expj^ x exp^^. Moreover, the 
riemannian exponential map exp*^ on TG then coincides with the map 

Hereby, denotes the exponential map on the Lie algebra, and the isomorphism 
between G x g and TG is given by {g, £,) H> (Lg)^^, where Lg : G ^ G denotes the 
left action by g. Now let B(^h,x) denote a sufficiently small open ball around the 
origin of the normal space so that the exponential map is injective on -B(ft_a;)j 

and let V(h,x) := exp {B(h^^)). 

Note that every element g of the isotropy group H :— G^}^ .,.) commutes with 
H. Hence, for {k,y) £ ^(h,x) one has h — ghg'^ € gH(^}^ y-^g~^ if and only if 
h e H(j^ y), and the same holds for each connected component of H^^ yy Therefore, 
if {Hi), . . . , {Hs) denotes the collection of isotropy types for the linear ff-action on 
^(ji,x)i which is finite by |Pfl| Lem. 4.3.6], we can assume they are ordered in such 
a way that h G gHig^^ for each g E H and i = 1, . . . , r, and h ^ gHig^^ for each 
g € H and i = r + 1, . . . , s. Moreover, for i = 1, . . . , r, let iJf denote the connected 
component of Hi containing h, which implies that h G gH^g^^ for each g G H. 

With this, wc define 

C = I U U gH^g-' \ gH^g-' ) ^ ( U U a"^^-' ] ■ 

geH J \x=r+l geH J 

That is, G is the union of all conjugates of isotropy groups not containing h as well 
as, for each isotropy group containing h, all conjugates of the connected compo- 
nents not containing h. Since the quotient map H — >■ AdnXH is closed by [tDieI 
Prop. 3.6] it follows immediately that G is closed in H. By construction, G is also 
JJ-invariant. This implies that G \ G is an Ad^f-invariant open neighborhood of h 
in H. Hence there exists a connected open and Adj^-invariant neighborhood Oh of 
h m G \ G small enough to be contained in a logarithmic chart around h in the 
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Lie algebra f) of H, see |DuKo[ Thm. 1.6.3]. Therefore, Oh x M is an i/- invariant 
open neighborhood of (ft., a;) in G x M. With this, we may shrink Vi^h^^) to assume 
that Vi^h,x) ^OhX M. 

Now, suppose {k,y) e 3,) n AAf so that ky = y and then clearly k{k,y) = 
{k,y). By property (SL|4]) of the slice V(^h,x), it follows that k <E H. Since k ^ Oh 
we have that k is not contained in any _ff-conjugate of Hi for i = r + l,...,s so 
that H(^f^ y'f is conjugate to Hi for some i < r. Moreover, Oh is connected and does 
not intersect C so that k is contained in the same connected component of H(^k.y) 
as h. Hence, by using logarithmic coordinates near ft, we may express k = he^ for 
some ^ G f)(fc,j/), the Lie algebra of H{^k yy Additionally, fte*^ G Hi^i^ y-^ for t e [0, 1], 
so that he*'^{k,y) — {k,y). Next, let w e T^M such that exp*^(it;) = y. Then we 
have exp(,j ?«) — {k,y), and e N(^h.x)- Moreover, we get 

exp(,,,^) {ti^,w)) = exp(;, ,;) = (fte*« , , 

where = exp*^(t?«). However, since the action of H on the normal space N(^h,x) 
is linear, and since he^^{k,y) — {k,y), it follows that he*^ [he*^ ,y{t)) — {he^^,y{t)) 
for t G [0, 1]. This of course implies that he*^y{t) = y{t) so that (fte*^, y(t)) G AM, 
proving the claim. □ 

Corollary 3.10. The inertia space A{G\M) of a compact Lie group action is 
locally contractihle. 

Proof. Let (ft,a;) G AM, H = G(x^h), and choose a linear slice V(^h,x) as in the 
preceding Proposition. Then GV(^h,x) is an open G-invariant neighborhood of (ft, a:) 
inGxM. Define the map H : Gx HV(^h,x)x[OA] ^ GxHV^h.x) by ^([5, (fc, y)], = 
[g, (1 — t)(fc, J/)]. Then H is a G-equivariant deformation retraction oi G Xh ^ih.x) 
onto G X H {{h, x)} which induces a retraction in the quotient onto the single orbit 
G{h,x). Moreover, by the preceding Proposition, the map TL restricts to a G- 
invariant retraction of (G x^ V(^h,x)) ^ AM onto a single orbit. □ 

4. The orbit Cartan type Stratification 

In this section, we present the explicit stratification of the inertia space AX. We 
give the definition of this stratification in Subsection 14.11 and state our first main 
result. Theorem 14. II Before turning to the proof of Theorem 14. II in Subsection 14.4) 
we first give several examples of the stratifications in Subsection 14.21 and establish 
some useful results for actions of abelian groups in Subsection 14.31 

Let G° denote the connected component of the identity of G. Recall that a 
Cartan subgroup T of G is a closed topologically cyclic subgroup that has finite 
index in its normalizer Ng{T) (cf. [BrDi. IV. Def. 4.1], see also [SEGp . If g G G, 
then by jBRDi| IV. Prop. 4.2], there is a Cartan subgroup T of G such that T/T° is 
generated by gT°. We will say that such a T is a Cartan subgroup associated to g. 
If g G G°, then T is a maximal torus of G° containing g; in general, T is isomorphic 
to the product of a torus and a finite cyclic group. We will make frequent use of 
[BrDiI IV. Prop. 4.6], which states that the homomorphism 

(4 1) T/T° ^ G/G° 

^ ' tJ° I — > tG° 

defines a correspondence between Cartan subgroups of G and cyclic subgroups of 
G/G° that induces a bijection on conjugacy classes. That is, given g, ft G G and 
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Cartan subgroups Tg and associated to g and /i, respectively, T g and T/i are 
conjugate in G if and only if {gG°) < G/G° and {hG°) < G/G° are conjugate in 
G/G°. For g,h G G°, this corresponds to the well-known fact that all maximal tori 
in a compact connected Lie group are conjugate; see e.g. [DuK o, Thm. 3.7.1]. 

4.1. Definition of the Stratification. Let {h,x) S AM and let H denote the 
isotropy group of {h,x) with respect to the G-action on G x M. Then H = Gx r\ 
Zc{h) — Zc^{h) where Za{h) denotes the centralizer of ft. in G and Gx denotes 
the isotropy group of x with respect to the G-action on M. Let 3.) be a Cartan 
subgroup of H associated to h; note that if Gx is connected, we have by [DuKol 
Thm. 3.3.1 (i)] that h e (ZG,(ft))° = H°, so that T^h,x) is a maximal torus of H° 
containing h. Choose a slice V(h.x) at {h, x) for the G-action on G x M, and define 
an equivalence relation ^ on T(^fi^x) by s '-^ i if {GV(^h,x))'' = {GV(^h,x)Y ■ Let T*^ 
denote the connected component of the ~ class [h] containing h. 

We define a stratification of AAI by assigning to the point {h, x) G AM the germ 

(4-2) '5(.,)-[G(^(Z.)n(T(,,.)XM))]^^^^^. 

After applying the quotient map g : AM AX , we can similarly define a stratifi- 
cation of AX by assigning to the orbit G{h, x) the germ 

(4-3) = (g ( n (t*,,,) X g) ) ) ] ^^^^^^ . 

The following result shows that S and TZ are stratifications of the loop space and 
inertia space, indeed. We call these the stratifications by orbit Cartan type. 

Tiieorem 4.1. Let G be a compact Lie group and let M be a smooth G-manifold. 
Then Equation (|4.2p defines a Whitney stratification of AM with respect to which 
AM is a differentiable stratified space. Moreover, this stratification induces a strat- 
ification on AX by Equation (j4.3p with respect to which AX is a differentiable 
stratified space fulfilling Whitney 's condition B. 

An immediate consequence of this result and Theorem 13.81 is the following. 

Corollary 4.2. The orbit Cartan type stratification is in general finer than the 
canonical stratification of the inertia space AX . Moreover, there exists a triangu- 
lation of the inertia space subordinate to the orbit Cartan type stratification. 

Remark 4.3. Assume in addition that M itself is partitioned into a finite number 
of G- and T-isotropy types for any Cartan subgroup T of G. The definition of T*^ 
above can be modified by saying that s ~ t if (G x My — {G x M)*. The modified 
definitions of Si^f^ x) a-nd TZcih.x) also result in Whitney stratifications of AM and 
AX, respectively. The proof of this fact is identical to the proof of Theorem 14.11 
below with minor simplifications. The modified stratifications are generally finer 
and depend on global data in G x M, though they can be easier to compute in 
examples. 

Before we prove Theorem 14.11 we provide several examples which illustrate our 
definition. 
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4.2. Examples of the Stratification. 

4.2.1. Cases Where AM is Smooth. Suppose G acts freely on M. Then 

AM = {e} X A/ C G X M 

is diffeomorphic to M. Each point (e, x) has trivial isotropy group, and it is easy 
to see that the stratifications of AM and AX given by Equations (|4.2p and (14. 3p 
are trivial. The result in both cases is a smooth manifold with a single stratum, 
and hence trivially a stratified differentiable space. 

Similarly, suppose L is a (necessarily normal) subgroup of G that acts trivially 
on M, and suppose G/L acts freely on M. Then 

AM ^LxMCGxM 

is a smooth manifold. The isotropy types of elements of AM correspond to the 
isotropy types of L with respect to the G-action by conjugation; that is, elements 
(h, x) and (fc, y) of AM have the same isotropy type if and only if the centralizers 
Zc{h) and ZQ{k) are conjugate. We claim that in this case, the stratifications of 
AM and given by Equations (|4.2p and (|4.3p coincide with the stratifications 
by G-isotropy types. 

Choose a slice Vi^h,x) at (/i, x) G AM for the G-action on G x A4 . By construction, 
it is clear that Sf^h,x) is a subgerm of the germ of the isotropy type of (/i, x) at 
{h,x). Let (fc, y) G GV(^ ,j,) n (i x M) be a point in the orbit of this slice with 
the same G-isotropy type as {h,x). Then there is a g £ G such that {k,y) :— 
g{k,y) G V(^h,x), and hence G(^k,y) < H = G(h,x)- However, as G(k,y) = 9G{k,y)9~^ 
is conjugate to -ff, we have by |Pfl1 Lem. 4.2.9] that G(j^^y) = H. Therefore, 
(fc, y) e x)^ which is connected, so that k is in the same connected component 
of H as h. It follows that kH° and hH° generate the same subgroup of H/H°, so 
that by |BrDiI IV. Prop. 4.6], Cartan subgroups T(-^ j,) and T(j, of H associated 
to h and k, respectively, are conjugate in H. Hence there is a. g € H such that 
gkg^^ G T(/i J,); however, as g G iJ = G(k,y)^ it follows that k = gkg"^ G '^(h,x)- 
Moreover, as ^^(fc) = G^^^y) = G(^^j.) = Zl^H), we have that (G x M)^ = (G x 
A/)'' so that {GV(^h,x))'' = {GV^h,x))'' and k G T^^^^^. We conclude that {k,y) G 

G {y{hx) ^ {j{h x) ^ ^^)) ' ^'^'^ hence that S(h,x) is the germ of the G-isotropy type 
of [h, x) in M x G. 

More generally, we have the following. The proof is an elementary argument 
applied to slices for the G-action on M using a local section of the fiber bundle 
G ^ G/J. 

Proposition 4.4. Suppose the stratification of M by G-orbit types has depth zero 
which means that there is a K < G such that every point has orbit type (K) . Then 
AM is a smooth submanifold of G x M that is locally diffeomorphic to K x M. 

Proof. To show that AAf is a differentiable manifold, let {h, x) G AAf, and let 
be a slice at x for the G-action on M. Without loss of generality, we can assume 
that Gx — K. Then for each y G Y^, as Gy < K and Gy is conjugate to K, it 
must be that Gy = K. Therefore, Yj^ = Y^, and a neighborhood of Gx in M is 
diffeomorphic to 

Gxji; = G/A'xK, 
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via the map 

t: G/KxY^^ M, {gK, y) ^ gy. 

To prove that AM is a differentiable submanifold of G x M, choose a neighbor- 
hood U of eK in G/K small enough so that the fiber bundle G G/K admits a 
differentiable section on U. Let a : U ^ G for G ^ G/K he & choice of such a 
section, and consider the map 

t:GxUxY^ — yGxT{U xY^)CGx M, 

{g,gK,y) ^ {<j{gK)g<j{gK)-\a{gK)y) . 

Since U is an open neighborhood of eK in G/K, we have that U x is an open 
neighborhood of (e/C, a;) in G/ K xY^. Therefore, T(C/xya;) is an open neighborhood 
of X in M . Simple computations demonstrate that t is a diffeomorphism from the 
neighborhood G x U x Y^ oi {h,eK,x) in G x G/K x Y^ onto the neighborhood 
G X t{U X Y^) of [h, x)inGx M. Moreover, 

t{K xU xY^)^{G X t{U X Y^)) n AM, 

so that r restricts to a diffeomorphism between a neighborhood of {h, x) in K x M 
to a neighborhood of {h, x) in AM. □ 

In this case, however, it may happen that the stratifications of AAf and AX given 
by Equations (|4.2|) and (|4.3|) are strictly finer than the respective stratifications by 
isotropy types. This is the case, for instance, when AX is the inertia space of 

\ {0} with its usual SO(3)-action; see 14.2.61 below. 

4.2.2. Locally Free Actions. If the action of G on M is locally free, i.e. the isotropy 
group of each a; e M is finite, then the quotient X = G\M is an orbifold. The 
corresponding inertia space AX then is an orbifold as well and is called the inertia 
orbifold of X, see e.g. [AdLeRu] or |PfPoTa07] . Let us briefly sketch this within 
our framework and let us show that the above defined stratification of the inertia 
space AX coincides with the orbit type stratification, if the action of G is locally 
free. 

To this end consider first the case, where G is a finite group. The loop space AM 
then is the disjoint union U/igGi'^J' ^ smooth manifolds of possibly different 

dimensions. Choose a G-invariant riemannian metric on M. Since G is finite, the 
linear slice V(^h,x) at some point {h, x) £ AM can be chosen to be of the form 
{h} X Vx, where Vx C M'^ is an open ball around x in M'*; note that Af'' is totally 
geodesic in M. Denote by H the isotropy group of {h,x), i.e. let H := Zc^{h). 
Because under the assumptions made the Cartan subgroups are discrete, the set 
germ S(j^ x) at {h, x) G AM from Eq. (|4.2[) coincides with 

[GiV^l.) n m X M))](^^^x) = [G{{h} X = m X Vx%h,.) ■ 

The second equality hereby follows from the fact that for every g g Zc{h) and 
y £ with gy £ Vx one has gy £ , since g E H hy (SL|4]). Observe that the 
orbit map g : G x M ^ G\(G x M) is injective on {h} x by the slice theorem, 
hence the set germ TZoih.x) at G{h, x) 6 AM is given by 

7^G(/.,x) = [gm X )]g(,.,.) . 

In other words this means that the stratification by orbit Cartan type of the inertia 
space AX of a finite group action on M is given by the orbit type stratification. 
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Let US now consider the case where G is a compact Lie group acting locahy 
freely on M. According to Theorem 13.81 the inertia space AX is a differentiable 
stratified space with stratification given by the canonical stratification. Recall that 
the canonical stratification is minimal among all Whitney stratifications of AX. 
Now observe that by Proposition 13.61 the neighborhood A{G\GYx) of (e, a;) in AX 
is isomorphic as a differentiable space to the inertia space A{Gx\Yx), where is a 
slice of M at x. Since Gx is finite, it follows by the above considerations that the 
stratification TZ of A{Gx\Yx) coincides with the stratification by orbit types. But 
the latter is known to be the minimal Whitney stratification, hence A{Gx\Yx) with 
the orbit type stratification is even isomorphic as a differentiable stratification to 
A{G\GYx) with the canonical stratification. Since AX is covered by the open sets 
A{G\GYx), X € X, it follows that both the canonical stratification of AX and the 
stratification by orbit Cartan type coincide with the stratification by orbit type, 
and that AX is an orbifold, indeed. 

4.2.3. Semifree Actions. Suppose G acts semifreely on M so that there is a col- 
lection N = M'^ of submanifolds of M fixed by G, and G acts freely on M \ N . 
Then 

AM = [{e} X (M \ N)] U (G x N). 
The isotropy group of (/i, x) is trivial if x ^ N and is equal to the centralizer Zalh) 
ii X G N. With respect to the adjoint action Ada of G on itself, let (Ki), . . . , (Km) 
denote the isotropy types of elements of G so that the centralizer of every element 
of G is conjugate to some Kj. We assume that — G is the isotropy group of 
the center of G. For j = 1, . . . , m — 1, we let Ad^ denote the set of elements of 
G with centralizer exactly Kj and let Ad^'' denote the set of elements of G with 
centralizer conjugate to Kj. For j — m, we let Ad^ = Ad'-^^ denote the set of 
nontrivial central elements of G, which may be empty. The sets Ad-^ and Ad(p 
are disjoint unions of smooth submanifolds of G by }Pfl[ Cor. 4.2.8]. Moreover, we 
have for /i G G that (G x M)'^ = Zcih) x N, so that if {h,x) and {k,y) have the 
same isotropy group, then h and k have the same fixed point sets in neighborhoods 
of the orbits G{h,x) and G{k,y). 
Let 

5o:-{e}x (M\iV), 
and for each j € {1, . . . , m}, let 

Sj := Ad^^^ X N 
(which is empty for j — m ii G has trivial center), and 

5„i+i := {e} X N. 
Projection under the quotient map g : AM — > AX provides manifolds 

The decompositions of AM and AX given by the connected components of the Sj 
and TZj, respectively, coincide with the stratifications defined in Equations (14. 2p 
and P3|) . 

In particular, note that this stratification is strictly finer than the stratification 
by orbit types in the case where G has nontrivial center. In fact, the piece Z(G) x N , 
which consists of points of the same isotropy type, must be split into {e} x N and 
{Z{G) \ {e}) X in order for the pieces to satisfy the condition of frontier. The 



INERTIA SPACES OF PROPER LIE GROUP ACTIONS 



15 



reason for this is the occurrence of {e} as the isotropy group for points of the form 
(e, x) with X € M \ N . Indeed, the closure of the strata Sq — {e} x {M \ N) is 
{e} X M , and hence cannot contain the entire isotropy type of points (e, n) with 
ne N. 

As a simple, concrete example, consider the action of the circle SO (2) on the 
sphere §^ by rotations about the z-axis; this action is semifree with N — (S^)^*^*^^) 
given by the north and south poles. It is easy to see that the isotropy types 

A = {{e,x) \xeS^\N} 

and 

B = {{t,x) I teS\xeN} 

do not yield a decomposition of AS'^, as AO B = {e} x N. 

4.2.4. Actions of Abelian Groups. Suppose G is abelian, and let {Hi \ i € 1} he 
the (possibly infinite) collection of isotropy groups for the G-action on M. Note 
that the isotropy group of {h, x) £ AM is equal to Gx- For each x e M, let Ix I 
be the finite subset consisting of all i such that every neighborhood of x contains 
points with isotropy group Hi. 

Choose {h, x) G AM, and note that the Cartan subgroup T(;i j.) is in this case 
unique. For k g T(;i we have fc ^ ft, if and only if h and k fix the same points 
in a neighborhood of a; in M, or equivalently if and only if h and k are in exactly 
the same isotropy groups Hi for i G /j.. Therefore, the equivalence class T^^ is 
determined by the set I{h,x) = {i ^ Ix \ h £ Hi}. Specifically, 

T(/.,.)= ( U ^A^i U 

where denote the complement (cf. Subsection 14.31 below). The stratification of 
AM given by Equation (|4.2p . then, is given by sets of the form T^^ x Mjj. where 
h & Hi and x S M/f. . Intuitively, AM is partitioned by isotropy types, and then 
further decomposed to separate the closures of nearby strata with lower-dimensional 
fibers in the G-direction. 

As a particularly elucidating example, consider G = T'^ = {{s,t) \ s,t E T^} and 
M — CP with action given by 

(s,t)[zo,Zl,22] = [sZo,tZl,stZ2]. 

Note that the points [1, 0, 0], [0, 1, 0], and [0, 0, 1] are fixed by T^. Near these three 
points, respectively, using coordinates 

(ui,M2) :=(—,— ) , {vQ,V2) :={—, — ] , and (wo, wi) :=(—,— ) , 

V^O ZqJ \Zi ZiJ \Z2 Z2J 

the action is given by 

{s,t){ui,U2) = (s~4ui,tU2), 

(s,t)(uo,W2) = (st^^uo, 31)2), and 
{s,t){wa,wi) = {t^'^wo,s~'^wi). 

Note in particular that the action near each fixed point is different, and hence the 
torus is partitioned into ~ classes in different ways at each. However, the strata 
in ACP^ whose closures contain two fixed points have torus fiber given by a subtorus 
of whose partition into ^ classes is compatible with both. 
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For instance, the torus fiber over R — {[2o,zi,0] | 2:0,2:1 7^ 0} in ACP^ is the 
l-dimensional subtorus T of consisting of points of the form (s, s). Any open 
neighborhood of the orbit of a point in R contains points with trivial isotropy and 
points with isotropy T, so that T x i? is partitioned into {e} x R and (T \ {e}) x R. 
It is easy to see that this partition is the restriction to T of the partitions of T-^ at 
[1, 0, 0] and [0, 1, 0]. Though it is not compatible with the partition at [0, 0, 1], this 
causes no difficulty as [0, 0, 1] is separated from the closure of R. 

4.2.5. The Adjoint Action. Let G act on itself by conjugation. Then AG — {(ft., k) € 
G"^ \ kh = hk} is the set of commuting ordered pairs of elements of G with diagonal 
G-action by conjugation. The isotropy group of {h, k) is given by Zcih) H Zcik), 
and the set of points fixed by Zc{h) n Za{k) is given by points of the form 
where / and j are elements of the center of ZQ{h)r\ZQ{k). Similarly, T*^^ consists 
of elements j of T(;j j.) such that Zcih) and Za{j) coincide on a neighborhood of 
the G-orbit G{h,k).' 

4.2.6. The Standard Action o/SO(3) on M.^ . Let G = S0(3) act on M = in the 
usual way. For each point x e R'^ with a; ^ 0, we let Rx,e with 6 6 [0, 27r) denote 
rotation through the angle 9 about the line spanned by x where we assume is a 
positive rotation with respect to an oriented basis for R'^ whose third element is x. 
In particular, R^fi — 1 and Rx,e = R-x,2-R-e for each x G \ {0}. See jDuKo[ 
Sec. 1.2 and 3.4] for a careful description of this action, and note that our notation 
differs slightly to adapt to our situation. 

There are three isotropy types that occur in AR'^: the point (e, 0) has isotropy 
group S0(3), points of the form (i?x,Tr, 0) have conjugate isotropy groups isomorphic 
to 0(2), and all other points have conjugate isotropy groups isomorphic to S0(2). If 
{h,x) G AR'^ such that x 7^ and T(ft, 2,) = G(^h,x) — S0(2), then any neighborhood 
of the orbit G{h,x) small enough to not intersect {0} x S0(3) contains only points 
with T(-/j jj-j-isotropy type T(/j^) and {e}. Hence there are only two ~ classes, the 
identity and the nontrivial elements. Similarly, if {h,x) = {Rxfi,Q) with 7^ tt, 
it can be seen in a neighborhood of the orbit G(ft., x) small enough to contain no 
points of the form (i?j, .^,0) that T ^y^ x) is as well partitioned into the same two ~ 
classes. If {h,x) = {Rx.-m^), then as G{h,x) contains (i?j,.Tr,0) for each ?/ G and 
as Rx,Tr fixes (i?y,7r, 0) when x and y are orthogonal, the torus T(/j is partitioned 
into the ^ classes {e}, {Rx,tt}, and {Rx.e | 6* G (0, tt) U (tt, 2n)}. It follows that the 
maximal decomposition of AR'^ induced by the stratification S(^fi^x) consists of four 
sets: 

^1 = {(e,0)}, 

^2 = {(i?.,.,0) I a;GM3\{0}}, 

5*3 = {(e, x) I a; G \ {0}}, and 

^4 = {(i?,,e,a^) |^G(0,7r)U(7r,2^),a;GM3}u{(i?,,,,x) |a;GR3\{0}}. 

Note in particular that the map S0(3)\AM3 ^ SO(3)\R3 given by S0{3){h,x) ^ 
S0(3)a; is not a stratified mapping; for 6 G (0, 7r)U(7r, 2n), the points S0{3){Rx.e, x) 
and SO{3){Rx^0,O) are mapped to points with different isotropy types. 

Similarly, consider the restriction of the S0(3)-action to M = \ {0}. The 
maximal decomposition of AM given by Equation (|4.2p has two pieces, 

{(e, x) I a; G R^ \ {0}} and {{Rx,e, x) \ e (0, 2n), x G R^ \ {0}}. 
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Note in particular that in this case, KM is a smooth manifold with a single isotropy 
type, and hence that this stratification is strictly finer than the stratification by 
isotropy types. 

To understand this phenomenon, let H be the subgroup of SO (3) isomorphic to 
SO (2) given by rotations about the 2;-axis. Then considering the i7-space M.^ given 
by the restricted action, there are two isotropy types; points on the z-axis are fixed 
by all of iJ, while points off the z-axis are fixed only by the identity. It is easy to 
see, then, that the partition of AM"^ given by the restriction of the isotropy type 
stratification of M'^ x iJ does not yield a stratification of AM^. Hence, while the 
stratifications given by Equations (|4.2p and (14. 3p are in general not the coarsest 
stratifications of AM and KX, they have the benefit of giving a uniform, explicit 
stratification of the loop space AM and the inertia space for all smooth G- manifolds 
under consideration. 

4.3. A Partition of Cartan Subgroups in Isotropy Groups. In this sub- 
section, we prove a number of auxiliary results on topological properties of the 
equivalence classes of the relation ^ which has been defined in Subsection 14.11 
Throughout this section, let Q be a smooth, not necessarily connected G-manifold 
and fix an abelian subgroup T < G which need not be connected. Assume that Q 
is partitioned into a finite number of T-isotropy types. We have in mind the case 
Q — GV where F is a slice for the G-action on G x M and T is a Cartan subgroup 
of the isotropy group of the origin in V, but we state the results of this subsection 
more generally. 

As above, for s,t £ T, we say that s ~ t when = Q*. Let Hq, Hi, . . . Hr be 
the finite collection of isotropy groups for the action of T on Q. Then the ^ class 
[t] of t G T is given by 

M = n ^ f u 

That is, each ~ class is determined by a subset of {1,2,..., r}; note that a nonempty 
subset / C {1,2, ...,r} need not correspond to a nonempty ~ class. Using this 
together with a dimension counting argument the following result is derived imme- 
diately. 

Lemma 4.5. The group T is partitioned into a finite number of classes. Each 
~ class [t] is an open subset of the closed subgroup t* of T defined by 

Pi ^ Pi t„ 

and \t\ consists of a union of connected components of t* . Moreover, each ~ class 
has a finite number of connected components. 

Also note the following. 

Lemma 4.6. Suppose s,i e T such that [s] D [t] ^ 0. Then for each connected 
component [s]° of [s] and [t]° of [t] such that [s]° n|t]° 7^ the relation [s]° C ftp" 
holds true. 

Proof Let u £ [s]°n|i]°. Then = Q", and by continuity of the action, Q* C Q". 
It follows that Q* C and hence that s' = f] < f] Tq^f. 

q€Q^ q<£Q* 
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Note that [s]° is contained in a connected component (s')° of s* which is con- 
tained in a connected component {t')° of t'. Similarly, [t] consists of entire con- 
nected components of i', so u G "[i]" = Then [s]° C {t')° = "[i]", completing 
the proof. □ 

For each 5 e G, we let denote the equivalence relation defined on gTg~^ in 
terms of its action on Q. In particular, if 5 G Nc(T), then ~g coincides with ~. It 
is easy to verify the following. 

Lemma 4.7. Let s, i G T. Then s t if and only if gsg~^ gtg~^ , i.e. 

[gtg'\ = g[t]g~\ 

where [—]g denotes the equivalence class with respect to ^g. 

Similarly, the following will be important when showing that certain ~ classes 
are sufficiently separated. 

Lemma 4.8. Suppose s, f G T such that s ^ t, and [s] is difjeomorphic to [t] . Then 

[s] n[Z[ = 0. 

Proof If Q" C Q\ then ClqeQ* < Clqeq^ T^, so that f < sV By Lemma g^l 
[s] and [t] are open subsets of s* and t*, respectively, so that as [s] and [t] are 
diffeomorphic, s* and t* have the same dimension. Additionally, [s] is open and 
dense in each connected component of s* it intersects, and similarly [t] in t*, so 
that [s] and [t] do not intersect the same connected components of the closed group 
t*. The claim follows, and the argument is identical if Q* Q" ■ 

So suppose Q'* % Q* and Q* % Q". If ^ G [s] n [t], then by continuity of the 
action, I fixes UQ*^ . Since Q* is a proper subset of U Q*, it follows that / 7^ s. 
Therefore, / G 'pj \ [s] and [s] n I<J = 0. □ 

For each n G Nq{J)^ conjugation by n induces a diffeomorphism from T to itself 
which by Lemma [4.71 acts on the set of ~ classes. More precisely: 

Lemma 4.9. The normalizer Ng(T) acts on the finite set of ^ classes in T in such 
a way that for each n G Ng{T) and t £T, the submanifold is diffeomorphic 

to [t]. Moreover, either n[t]n^^ = [t] or n[t]n^^ D [t] = 0. 

4.4. Proof of Theorem 14.11 In this subsection, we prove Theorem 14.11 estab- 
lishing that for a G-manifold M the germs S(^h,x) and 7^g(/i,x) given by Equations 
()4.2|) and (j4.3p define a smooth Whitney stratification of the loop space AM and a 
smooth stratification of the inertia space AX, respectively. 

The general strategy is to first decompose AM into its G-isotropy types. Roughly 
speaking, isotropy types consisting of smaller manifolds have larger G-fibers, so the 
fibers must further be decomposed as illustrated in the examples in Subsection 
14.2.41 This is accomplished by first decomposing a Cartan subgroup in the G-fiber 
into ~ classes using the results of Subsection 14.31 and then partitioning nearby by 
taking the G-orbits of these pieces. A brief outline of the proof follows. 

We begin with Lemma 14.101 which essentially guarantees that we can apply the 
results of the preceding section on the G-saturation of a (linear) slice. Then, in 
Lemma [4. Ill we confirm that the germ S(^fi,x) is that of a subset of AM consisting of 
points with the same G-isotropy type. Afterwards, we prove Lemmas 14. 121 and l4.13| 
demonstrating that the germs S(_h,x) and hence the TiG(h,x) do not depend on the 
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choices of the shce, the Cartan subgroup associated to h, and the representative 
{h,x) of the orbit G{h,x). With this, we prove Proposition I4.14| showing that 
S(^}i^x) s-nd 'R-G(h,x) germs of smooth submanifolds of G x M . 

With this, we are required to define a decomposition Z of a neighborhood of U of 
each point [h, x) G KM ; indicating this decomposition and verifying its properties 
involve the main technical details of the proof. The definition of Z is given in 
Equation (|4.7p in a manner similar to the stratification; the piece containing (fc, y) 
is defined in terms of the isotropy type of {k, y) and the ^ class T*^, of k with 
respect to the action near G{k,y). However, this definition is given in terms of 
a slice at {h,x) rather than {k,y), so that we must take into consideration the 
orbit of the class '^*ky) under the action of the normalizer -^G(h ^) In 
particular, the pieces of Z are defined to be connected components so that, though 
they are G'°-invariant, they need not be G-invariant. However, the G-action simply 
permutes the pieces of Z that are connected components of the same G-invariant 
set. 

As the definition of each piece of Z involves choosing a particular point in each 
orbit near that of {h, x) as well as a Cartan subgroup. Lemmas 14.161 and 14.171 
demonstrate that the definition is independent of these choices and the resulting 
partition is well-defined. We then show in Proposition 14.181 that the germs of the 
pieces of the decomposition Z coincide with the stratification. This in particular 
requires a careful description of a G-invariant neighborhood W of a (fc, y) small 
enough not to intersect certain ~ classes in the Cartan subgroup T^j, j,). Roughly 
speaking, W is formed by removing the closures of the finite collection of conju- 
gates of T*j, by A^G(fe ^) (T*^ y-^) from the G- factor; it is on this neighborhood that 
the connected component of the stratum containing (fc, y) coincides with the piece 
containing {k,y). As the stratum containing has finitely many connected 

components in this neighborhood, it follows that the germs coincide. With this, we 
demonstrate that the partition of a neighborhood of (h, x) is finite in Lemma 14.191 
that it satisfies the condition of frontier in Proposition 14.201 and that it satisfies 
Whitney's condition B in Proposition l4.21l This completes the outline, and we now 
proceed with the proof. 

First we assume to have fixed a G-invariant riemannian metric on M, a bi- 
invariant metric on G, and that G x M carries the product metric. By (/i, x) we 
will always denote a point of the loop space AM, and by V(^h,x) a linear slice in 
G X M at {h,x). The isotropy group Gi^h,x) = Za^ih) of (h,x) will be denoted by 
if, and the normal space T(h,x){G x M) /T(h^^){G{h,x)) by N(h^^). 

Lemma 4.10. Let K he a closed subgroup of G, and V(^h,x) o. (linear) slice for 
the G-action on G x M as above. Then the K -manifold Q :— GV(^h,x) has a finite 
number of K -isotropy types. 

Proof. Let ^I* : V(^h,x) — ^ -^(/i.a;) denote an iJ-invariant embedding of the slice 
V(^h,x) into the normal space -/V(/i,a;) such that its image is an open convex neigh- 
borhood of the origin. Choose an if-invariant open convex neighborhood B of 
the origin of N(j^^^^ which is relatively compact in ^(V(^ ,j,)). For each point 
(fc, y) G GV(;j J.) choose a slice ^(fc,^) for the X-action on GV(^h ,j.y Then the fam- 
ily {i^y(fc,j,)}(fc,j,)6GV(fe ^) is an open cover of G\l/~^(i3) which has to admit a finite 
subcover by compactness of G'^^^{B). Since each KY(}^ y) has a finite number oiK- 
isotropy types by |Pfl[ Lem. 4.3.6], it follows that G^^^(B), hence G5'"^(B) has 
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a finite number of ii'-isotropy types. However, GV(^h,x) contains the same isotropy 
types as G'i>^^{B), since tlie action hy t G (0, 1] on V(^h,x) is G-equivariant, and for 
each V € V(^fi,x) there is a f G (0, 1] with tv G 'i'^^{B). Hence GV(/i^^) itself has a 
finite number of if -isotropy types. □ 

The Lemma imphes in particular that the results of Subsection 14.31 apply to 
Q = GV(^h,x) for each abelian subgroup T = K of G. 

Lemma 4.11. The set germ S(^h.x} contained in the set germ at {h, x) of points of 
AM having the same isotropy type as (h, x) with respect to the G-action on G y. M . 

Proof. Suppose 

(fc,y)eT/(^_,)n(T^^_,)XM). 

Since H fixes (fc,y) and k G Tj/j j,) < H, one obtains ky — y and {k,y) G KM. 
By G-invariance of KM we get G(fc, y) C AM, hence 5(^ ,5) is the germ of a subset 
of AM. Now observe that = iV(^h,x))H ^ (G x M)h, where {V(^h,x))H and 

(G X M)h denote the subsets of points having isotropy group H. Hence the isotropy 
group of every point in the G-orbits defining S(^h,x) is conjugate to H, and is 
a subgerm of (G x M)(^h)- D 

The following two lemmas demonstrate that the stratification Si^fi,x) does not 
depend on the choice of a Cartan subgroup T(/j j.) nor on the particular choice of a 
slice V(^h,x)- 

Lemma 4.12. Let {h,x) G KM with isotropy group H = Zq,^{K). The germ S(^h,x) 
does not depend on the choice of the Cartan subgroup '^(h,x) of H . 

Proof. Suppose T(/i .j) and T'^^ are two Cartan subgroups of H associated to h. 
Then T(^,^)/T^^_^) is generated by ftT°^^^) and T[f^^^^/T[l ,^^ is generated by hT[l,^^, 
where here and in the rest of this section K° denotes the connected component of 
the neutral element in a Lie group K. Under the correspondence given in (|4.ip both 
T(ft,^)/T^^_^) and T[,^^^^/T\l^^^ then correspond to {hH°) < H/H°. It follows by 
|BrDi[ IV. Prop. 4.6] that Tj/j .j) and T'^^ are conjugate, so that there is a g G i? 
such that gT^^ jj-j^^^ — T'^^^^. Then, as g (£ H, the space V^^^-j is left invariant 
by g, hence ghg~^ — h. Therefore, if fc G T(/i j,) with k ^ h as elements of 3,) 
acting on GV^/j .^), Lemma 14.71 implies that gkg^^ ^ ghg^^ — h as elements of 
'^[h x) acting on GV(^fi,x)- It follows that conjugation by g induces a diffeomorphism 
of T(^,x) onto T'(*^), so that 

9 {V(h,x) n (t^,.,) X m)) - n (t'(,;,) x m)) , 

and 

G (v^lx) n (t^,,,,) X m)) = G (v^l,^ n (t'(*_,) x a/)) . 

□ 

Lemma 4.13. The germ S(^h,x) is independent of the particular choice of the slice 
y{h,x) at {h,x). 

Proof. Suppose Vi^h^^) and are two choices of linear slices at (/i, x) for the G- 

action on G x M. Let T(^h,x) be Cartan subgroup of H associated to h. By Lemma 
I4.12[ we may assume that the stratum containing (/i, a;) is defined with respect to 
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each of the two shces using this Cartan subgroup. Note that by the shce theorem 
and the assumptions on V(^h,x) and W(^h,x) the open sets GV(h,x) G xh V(fi,x) 
and GVF(;j jj.) ^ G are G-diffeomorphic and hence T^^j .j,)-diffeomorphic. 

Therefore, the ^ classes in T(;j ,;.) do not depend on the choice of the slice. 

Letting TV = {n G TVG(T(h,x)) : "-T^^^^^n^^ ^ '^{h,x)}^ have by Lemma |4J] 
that the set 

nGJ\f 

is a closed subset of G disjoint from T*^ Hence V(^/i,x) Ci {C x MY is an open 
neighborhood of (/i, a:) in V(^ii^x)- We may therefore assume after possibly shrinking 
V^h,x) and that V(^h,x) n (G x M) = n (G x M) = 0. Clearly, shrinking 

the slice does not affect the germ of the stratum. With this, we let O denote the 
G-invariant open neighborhood O :~ GV(/i j,) n GVF(^ .j) of {h,x) and claim that 

o n G (v^l,^ n (t^,^,) X a/)) = o n g (w^l,^ n (t^^,,) x m)) . 

Any element of OnG(Vff^^^ n (^M x T^^ ^^^^ is in the G-orbit of some {k,y) e 
OnVf^^ ^jn(^M X Tj^^^y As (fc, y) G O, there is a 5 e G such that g{k,y) £ W(_h,x)- 
Since G(^k,y) = H and Gg[k,y) — 9G(k,y)9^^ < |Pfl[ Lem. 4.2.9] implies that 
^g{k,y) = H. In particular, 5 e Ng{H), and y) G 

Now, fc e T*^ ,^^ C T^h.x) by definition, so that gkg^^ e 5T(?i,a:)5"^- As 
g G Ng{H), it follows that 5T(;i < Noting that k is an element of 

the connected set T*^ 3 h, we have that k is in the same connected component 
of T(/i 3.) as h and so T(/j is a Cartan subgroup of H associated to k as well as 
h. It is then easy to see that g"^ {h,x)g~^ is a Cartan subgroup of H associated 
to gkg"^. Moreover, because W(^h,x) is disjoint from {H \ hH°) x M C G x M, 
it must be that gkg^^ e By [BrDiI IV. Prop. 4.6], there is a h e H such 

that hgJ (h^^)g-^h-^ = T(,i^^), and hence hg G NG{'y(h,x))- That h e H = Gg(k,y) 
implies hgkg~^h^^ — gkg^^, so that gkg~^ G hgT x)g~^h^^ — '^(h,x)- Moreover, 
as fc G T^^ we have in addition that gkg~^ — hgkg~^h~^ G hgT*i^ ^^g^^h^^ . 
Therefore, 

G O n n (m X hgTl^^^^g-'h-') . 

However, as W^(/i fl (G x M) = 0, as G contains all of the nontrivial conjugates of 
elements of T*^ by elements of TVg(T(/i.2;)), and as hg G iVG(T(^ .j,)), it must be 
that hgTl^^^-^g-^h-^ = 7*^^^^. Hence, 

5(fc,y)GOnVK(^^,)n(A/xT^^^,)). 
Switching the roles of ,j) and ,,.) completes the proof. □ 

Note that if {h, x) G AM and g G G, then gV(^h ,c) is a slice at g{h, x), g{V^^^^) = 

{gV(^h,x)Y^^ ^ J and (7T(/j is a Cartan subgroup of gHg~^ associated to ghg^^. 

Therefore, as the ~ classes depend only on the action on GV^^i^^^-j, Lemmas 14. 121 and 
14.131 implv that gS(^h .^^ = Sgi^^ -j.-^, so that in particular 'R.G{h,x) is well-defined. 

Now we have the means to verify the following crucial result. 
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Proposition 4.14. Each S(^fi.x) is the germ of a smooth G-submanifold of G x M, 
and each TZ(^h.x) is the germ of a smooth submanifold of G\{G x M). 

Of course, G\{G x AI) is not itself a smootli manifold but rather a differentiable 
space. By a smooth submanifold of G\{G x M), we mean a differentiable subspace 
of G\{G X M) that is itself a smooth manifold. 

Proof. Since the germ S(^ii^x) does not depend on the choice of a particular slice by 
Lemma l4.131 we choose the slice V(^fi,x) at (h, x) to be the image under the exponen- 
tial map of an open ball B(^fi .^j around the origin of the normal space N(^fi ,^y Note 
that -/V(/j .J-) naturally carries an iJ-invariant inner product since we have initially 
fixed an invariant riemannian metric on AI and a bi-invariant riemannian metric 
on G. 

Since {G Xh V(^fi_j.^)^ is a totally geodesic submanifold oi G Xh y{h,x) by |Mlc[ 
6.1], the exponential map at {h, x) maps B^^ — N^^ n onto V^jf ^-j- Simi- 

larly, as T*^ is an open subset of the closed subgroup h' of H by Lemma l4?5l the 
relation T/jT*^ = Thh* holds true. It follows that the exponential map associated 
to the product metric on G x M maps the subspace 

N",x) n inh' © T^AI) n 

onto Vfj^^j n x) ^ -^^) ' which is then difi:eomorphic to an open neighborhood 
of the origin in a linear space. 

Noting that G Xh V(^^) =G/H x V"^^y the G-diffeomorphism 

Gxh G-l/(„,,) C G X M 

induced by the exponential map restricts to a G-diffeomorphism 

G/H X n (t^,,,,) X m)) G {V(l,^ n (t^,,,,) X m)) . 

Moreover, ^ induces a map on quotient spaces which is a homeomorphism 

G\ [g/h X (v^l^^ n (t^,_,) X Ai))) ^ G\ (g (v^l,^ n (T^,_,) X A/))) . 

Hence, 

v^lx) n (t^;,,,) X m) = G\ (g (v^l,^ n (t^,,,,, x ai))) 

is a topological submanifold of G\(G x AI). On the differentiable space G\(G x AI), 
the structure sheaf CGy(Gxj\/) locally that of G- invariant functions on G x M (see 

Section[3l). Similarly, the G- invariant C°° functions on G/Hx (Vf^ n (t*^,^ x Al) 
are exactly the C°° functions on V^f^^.) n (t*^ x Al) by |tDie[ Prop. 5.2] and 

[GoSAl Thm. 1.22 (5)] Therefore, G\ (g (v^"^^^ n (7*^^^^ x M))), whose set germ 

at {h,x) coincides with 'JZ(h,x)j is a smooth submanifold of the differentiable space 
G\(G X AI). ' □ 

In order for the germs S(^h,x) to define a stratification, one must verify that for 
each {h, x) e AM there is a neighborhood U in AAI and a decomposition Z oi U 
such that for all (fc, y) G AAf, the germ S^k,y) coincides with the germ of the piece of 
Z containing (fc, y). Set U := GV(^h,x) n AM. We now define the decomposition Z of 
U. Given (fc, y) & U there is a 5 £ G such that g{k, y) € V(^h,x)- Put (/c, y) = g{k, y) 
and if = G(fe_y) < iJ, and let T(fc be a Cartan subgroup in K associated to k. We 
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define the piece of Z containing (fc, y) to be tfie connected component containing 
(A:,y) of the set Z/Zj'*""' (fc, y) which is defined as the G-saturation of the set of 
points (/, z) € (V(?i,2:))-f!' n (T(/j X M) such that T^^ j,) is a Cartan subgroup of K 
associated to / and such that the ~ class T^^ is conjugate to T*^, via an element 
of NH{Ti^k,y))- Note that as above T*^ is the ~ class of / in T(;_2) = '^(k,y) with 
respect to its action on GV(;.2), where Vi^i^z) is a slice for the G-action of on G x M 
at (/jz). Observe that by definition, the set l4^'-^'^\k,y) can be written as 

(4.4) wJ<'=-'(fc,y)-G( y (V(,,,.)kn(nT*,,^)n-ixAf)) 

neA'ff(T(fc 

Observe that {V(^h,x))K is closed under the action of scalars £ (0, 1] and open in 
x) ^ consequence of Lemma [4. 101 Moreover, 

{{H^)\veV!zK<H^} 

where the union is over the (finitely many) isotropy classes that (properly) contain 
K. An analogous relation holds true for {N[h ,^))K- Since all fixed point sets N^^^^^^ 
are algebraic, the set {Nij-^ .j.-^)k H S(^h^x) is a semialgebraic subset of ^.j, where 
S(h,x) is a sphere in N(h,x)- Henc e (7V(j, a;))i f n S'(/i_^) and {N(^h,x))K have finitely 
many connected components by |BoCoRol Sec. 2.4]. Therefore, (V(/i 3,))^ has 
finitely many components, too. 

Next, we want to show that {V(^h,x))K(~^{nT*i^ a)""^ ^ ^'^) ^ ^ -^-ff (T(fc,3^)) has 
finitely many components as well. To this end note first that for each (fc, y) G 
the group element k lies in the same connected component hH° oi H as ft-, since 
y(h,x) is connected. Therefore, for any Cartan subgroup J (j. --j of the isotropy group 

K of (fc,2/) associated to fc, T^^, is conjugate to a subgroup of T(/j ,j,) in H. To 
see this, note that by |BrDi( IV. Prop. 4.2] and its proof, a Cartan subgroup of K 
associated to k is generated by a maximal torus in Z^^k) and k, while a Cartan 
subgroup of H associated to k is generated by a maximal torus in Znik) and k. Say 
^'^(k,y)^~^ ^ '^(h,x) for some /i S i?. Then (fc,y) := /i(fc,2/) G y(/i,a:) and k G T(,j^^). 
It follows that we can always choose a representative {k^y) G V(^h.x) from an orbit 
such that T[k,y) < '^{h,x)- 

Since {V(^ii^x))k is closed under multiplication by scalars t G (0, 1] using the linear 
structure it inherits from -/V(h,a;), each point t(k,y) has isotropy group K, hence its 
G-coordinate lies in K. As K and hence if x M is closed, it then must be that 
limt_).o t(fc, ?/) = {h,x) G K X M, which means h G K. In particular, h and k are 
in the same connected component of K and hence that the Cartan subgroup T(^k,y) 
of K associated to k is conjugate in if to a Cartan subgroup of K associated to h. 
It follows in particular that there is a. k € K such that h G fcT(fe j,)fc^^. However, 
this implies that k^^hk G T(j, j,), so that as k E K < H fixes /i, we have from the 
beginning that h G '^[k,y)- 

Now, recall that the equivalence class T*^ is an open subset of the closed 
subgroup h* of .j,). With respect to the action of T (h,x] on GV(^^2.), there are a 
finite number of ^ classes in j,). Hence, there is a neighborhood O of /i in G 
which only intersects ~ classes in T (j^^^) whose closures contain h. Assume V(;i.2;) 
is a slice chosen small enough so that V(?i,a;) C O x M, and pick {k,y) G V(^h^^y 
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Then, one can chose the Cartan subgroup '^(k,y) £ ^{k,y) with k S '^(k,y) such 
that T(j; y) < T(;j ,j.). Since the shce V(^k,y) at {k,y) may be shrunk such that 
GVi^k,y) Q GVi^h,x), it follows from the definition of ~ that T*^ is the intersection 
of a union of ~ classes in j.) with Tjj. . In particular, as the closure of each such 
^ classes contains h, T*^ and T(^k,y) both contain h. By the proof of Proposition 
Oil the relation ThinJj^^n-'^) = Think'n^^) holds true for aU n e NH{'^{k,y)), 
where k* is the intersection of all isotropy groups of the T^^^ j,)-action on V(fc,y) which 
contain k. It follows that the exponential map associated to the product metric on 
G X M maps the subspace 

(4.5) {N^h,x))K n {n{nk'n~^) ® T,M) n 

onto {V(h,x))K(^(ji'^*i. y)*^^^ ^ • By construction, (14. 5p is a semialgebraic subset 
of A'^(/;..x), and invariant under the action of t G (0, 1]. 

Let us now describe the preimage of (nT*^^ y)^~~^ ^ under the exponential map. 
Since there are only finitely many ~ classes in T(j, j,), one can find finitely many 
elements li, . . . ,la G '^{k.y) such that each group I', l = 1, . . . , a has dimension less 
than dim k* , and such that 

a 

'^*k,y) = '^lk,y) \ U • 
t=l 

This implies that exp maps the set 

a 

(4.6) {N(^h,x))K n ((r,,(nfc'n-i) \ |J ninl^n-^)) © T,m) n 

onto {V(^h,x))K n ('T'T(j, y-jri^^ x Af). But (j4.6p is semialgebraic by construction, 
and invariant under the action of t e (0,1]. Hence, (|4.6p and thus {V(^h,x))K H 
(nT^j, y^n^^ X M) have both finitely many connected components, and are invari- 
ant under the action of t G (0,1], too. Since G is compact, and since there are 
only finitely many different sets tiY*^^^^ ^^n~^, when n runs through the elements of 
iV_ff (T(fc.j^)), Eq. (lOl) entails the following. 

Lemma 4.15. Suppose V(/i 3,) is given by the image under the exponential map of 
a sufficiently small ball B(^fi ,^j in the normal space N(^fi ,^j, and (fc, y) G V(/i a,). Then 
the set exp^^_^j (jj(^G{k,y)^^ is invariant under multiplication by scalars in 

(0, 1]. Moreover, each setU(^G{k,y)) has a finite number of connected components. 

At the moment, the set wj*''"' (k, y) appears to depend both on the choice of 

{k,y) G Vi^h.,x) in the G-orbit of {k,y) and the Cartan subgroup T(fc^j^). With the 
following two lemmas, we will demonstrate that this is not the case, allowing us to 
simplify the notation. 

Lemma 4.16. The setuj^'''''' (fc, y) does not depend on the particular representative 
(fc, y) G jj.) of the G-orbit of (fc, y), hence does not depend on g. 

Proof. Suppose g & G also satisfies g{k,y) —: {k',y') G V(h,x)- It follows that 
{k',y') = gg~^{k,y), so that we have 35-^ e -ff by (Slg]), since 53" nV(ft^j.) 7^ 

0. Let h = gg~^. Then the isotropy group of {k',y') is K' :— hKh^^ < H. Let 
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T(fc/ J,/) be a choice of a Cartan subgroup in K' associated to k'. Note that since 
h'^ {k,y)h~^ is clearly a Cartan subgroup of K' associated to k' as well, there exists 
by |BrDi[ IV. Prop. 4.6] a k e K' such that T(^k'.y') = kJiT (^k.y)h^^k^^ ■ Moreover, 
by LemmaHJl T^^,^,, = khT^^. y^h-'^k-^ . 

Let {l, z) G wj*''"' (fe, y). Then there exists a. g' £ G such that (/, z) := g'(i, z) £ 
iV(h,x))K and an n G NH{T(^k,y)) such that T^^^^^ = nT^j,^-|n"^ As {l,z) has 
isotropy group if, one has h{l,z) £ iV(^h,x))K'- Since k G if', we get kh{l,z) — 
h{l, z). Again by Lemma 14.71 we therefore obtain 

h(l,z) ~ kh{l.z) 

= kh{nTl,^y^n-^)h-^k-^ 

= khn(K-^k'^T*i^, y,^kh^n-^h-^k-^. 

Using the fact that n G A^ff(T(/j ,^)), a routing computation verifies that m := 
khnh~^k~^ G Nh{'^ {k- ,y'))- But then z) G (V(,i^2,))K', and T~^^ = mT*^, ,^,jm"^ 

with m G AfH(T(fe,_j^,)). It follows that h{l,z) G u]^"' {k' ,y'). Since uj"'-''\k,y) 
is G- invariant, 

iYj'^-'(fc,y)CiYj<^'-''(fc',2;')- 
Switching the roles of (fc, y) and {k',y') completes the proof. □ 

Note that we may now denote wj*'""' (fc, y) simply as W^c^ a) (fc^ y). 

Lemma 4.17. // G U~'^'-''-y> {k,y), {l,z) G V(ft,^2;) *s same or&it as 

{l,z), and T'^; ^-j a Cartan subgroup oj G^i ^) associated to I, then {k,y) — 

^^('■^' z). In particular, U'^C'-y') {k,y) does not depend on the choice of a Cartan 
subgroup Tj-j, ,^) of K associated to k. 

Proof. Let K — Zcyik) as above. By Eq. (|4.4p . we may assume that {l,z) G 
iyih,x))K n {T{k,y) X M), and that T^,_^) = riT^^ ^^^n"! for some n G iV//(T(fc_y)). 
Let T'^j be a choice of a Cartan subgroup in K associated to /. Then, by [BrDiI 
IV. Prop. 4.6], there is an i G if such that iT'^^ ^^i^^ = '^{k,y)- Recall that by 

Given {j,w) G (V(,,,^))k n (T'^;^^-, x M) such that T'J_^^ = mT'^*^-,™-! for some 
m G A^h(T'j; ^^), it is now easy to see that 

0» = G i (^{V(^h,x))K n (T'(;^^) X m) = n (T(fc^y) X M). 

In particular, j G T^^ yj so that by Lemma 14.71 T*^ = *T'j*^^i~^. Then 

T* -T-/ * 1 - 1 T-* — 1 ■ — 1 1 

A routine computation verifies that imi~^n G NH{T(^k.y))- Therefore, {j,w) G 
W(.>'.y){k^y)^ so that z) C U~''('':y>{k,y). Switching the roles of (fc,y) and 

([, z) completes the proof that U'^'c-) (f, z) = W^c^.^) 

If T'j^ is another choice of a Cartan subgroup of K associated to k, repeating 

the above argument with {I, z) — {k, y) yields U'^C'-yi (k, y) — U^if'.y) (fc, y). □ 
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Because of the preceding considerations, the set U^i'^'y) (fc, y) depends only on the 
orbit G{k,y), hence we will denote it simply as hl{G{k^y)^ . For {k,y) in the same 
orbit as (fc, y), we denote by U{G{k, y))j^j; --^ or even shorter by U(j, the connected 
component of {k^y) in U(G(k,y)Y The partition Z oi U then can be written as 

(4.7) Z = I (fc,y)GC/}. 

Having established that the sets U {G{k, y)) are well-defined, we now confirm that 
the set germs of the U{G{k, y)) coincide with the stratification given by Equation 
63). 

Proposition 4.18. For each {k,y) G U, the germs [U{G{k,y))]f^^ y^, 
and iSjji -J coincide. 

Proof. As y-^ and l4(^G{k,y)) depend only on the orbit of {k,y), it is clearly 

sufficient to consider the case of {k,y) — {k,y) € V(^h.x)- Set K = Zcy{k) and fix a 
linear slice V{k^y) at [k^y) for the G-action on G x M. By |Bre[ II. Corollary 4.6], 
we may assume that V(fe j,) C V(/i 2.), though it need not be the case that V(fe j,) is 
the image under the exponential map of a subset of the normal space V^j^ y-^ . Let 
O = G'^ be the complement of G in G. Then O x M is an open subset of G x M 
containing T*;,^^. Hence V(j^ y) n (O x M) is an open neighborhood of {k,y) in 
so we may shrink V(j. j,) to assume that Vj^ ,^) C O x M. Put Q = GVj^ j,). 
We now show that the set germs ^{G{k,y)')](^k,y) and S{^k^y) coincide by proving 
that 

u{G{k, y)) n g - G (y^ly^ n (t^,,^) x m)) . 

Let {I, z) G U(G{k, y)) n Q. Then there is a 5' G G such that (Z, z) := g'{l, z) G 
iy(h,x))K n (T^k^y) X M) and an n G NH{T(k,y)) such that T^;^^-, = nT^^, ^^^n^^ In 
particular, T(^k.y) is a Cartan subgroup of K associated to I. As (/, z) G Q, there 
is a g G G such that g{l,z) G V(^k,y)- Moreover, as Gg(^i^z) < K and G(;_2) < K, 
we have Gg(i,z) = K hy |Pfl1 Lem. 4.2.9] and hence g G Nh{K). Similarly, as 
g{l, z) G V(fe,j/) C V(h^^) and z) G V(h,x), 5 e by (SL4). 

As k, glg^^ G if and {k,y), g{l, z) G V(fc^y), which is disjoint from {K\kK°)xM, 
k and glg^^ are in the same connected component of K. By [BrDiI IV. Prop. 4.6], 
there is a fc G if such that kgT(^i^ y^g~^k~^ = T(;; j,), and hence kg G iV// (T(-j, ,^)). 
Recalling that Z G T*; ^-j = nT*^, y^n~'^ for some n G NhO' (k,y)), we have 

kglg-^k~^ G fcgT^,_,)g-ifc-i = fc5nT^fc^j,)n-\9-ifc-i. 

Recalling that k ^ K, and is the isotropy group of g{l, z) — {gz, glg^^), we have 

glg^^ G kgnTli, y^n~^g-^k-^. 

However, as g{l, z) G V(^k,y) ^ O x M, which is disjoint from G x M, and as 
kgn G Nh(T (^k y^), it must be that kgnT*i^ y^n^^g^^k^^ = T^^, It follows that 

5^:^) e ^(f;,)n(T*,,^^xM), and hence W(G(fc,y))nQ C G n (T*,,^^ x A/)). 

Conversely, if (j, w) G G (v^f j^) n (T^^ y^ x M)^ , then there is a 5 G G such that 

(j,w) := gij,w) G V(^j^) n (T^^_^) x M). Then as V^k,y) C V(,,_^), we have 

U,w) G (V(ft,,))Kn(T^fc_^) x M), 
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and so {j,w) G ly((G{k,y)^ using the trivial element of the normalizer. Therefore, 

W(G(fc, y))nQ^G (V^(^^) n (T^,,^) x M)) , 
which shows the first part of the claim. 

As the set (y(k y) ^ C^lk y) ^ -^^)) right hand side of the preceding equa- 

tion is connected, the set U{G{k^ ?/)) n Q has a finite number of connected compo- 
nents. Since Q is a G-invariant open neighborhood of the orbit G(A;, j/), this implies 
that lA{G{k,y)) has locally only finitely many connected components and that the 
germ oilA(k,y) (fc,?/) coincides with the germ of iS(fc^j^) at {k,y). □ 

Since the S(h.x) are germs of smooth G-submanifolds of G x M, and the piece 
associated to a point {k,y) G U has the same set germ as S(^i z) at {l,z) G U^ky^ 
it follows that the pieces of Z are smooth submanifolds of G x M invariant under 
the G-action. 

Lemma 4.19. The partition ZofU = GV(/j j,) given by Equation (j4.7p is finite. 

Proof. The set ly{[G{k,y)) is determined by the iJ-conjugacy class of G^k,y) = 
^Gyik) < H as well as the connected component containing k of the ^ class of 
k for the T(fc j,)-action on GV(^k,y)- By Lemma [4.121 the set lA{G{k,y)^ does not 
depend on the choice of a Cartan subgroup associated to k. As H acts linearly 
on N(^fi^^j, there is a finite number of i?-conjugacy classes of isotropy groups with 
respect to the i?-action on iV(/j .j-), hence on j,). 

Choose a representative K of each i?-isotropy type in Vfj^^^y Then as K/K° is 
finite, there are a finite number of conjugacy classes of cyclic subgroups of K/K° 
and hence by |BrDi1 IV. Prop. 4.6] a finite number of if-conjugacy classes of Cartan 
subgroups of K . Given a Cartan subgroup T (k,y) of K, there are a finite number 
of connected components of ^ classes in T (^k,y) with respect to the action of T [k,y) 
on U . Of course, T^^, is defined with respect to the action of T {k,y) on a subset of 
U , but this implies that T*^ is given by a union of connected components of ^ 
classes with respect to the action on J7, of which there are finitely many. It follows 
that there are a finite number of ZY(G(fc, y)) . Finally, each W(G(fc, y)) has a finite 
number of connected components, which completes the proof. □ 

We now verify that Z is a decomposition indeed, cf. |Pfl1 Def. 1.1.1 (DS2)]. 

Proposition 4.20. The pieces of Z satisfy the condition of frontier. 

Proof. Suppose U{G{k,y)) r\U{G[l,z)) ^ where the closure is taken in AM. 
As the pieces of Z are defined to be the connected components of the U{G{k,y)) 
and U{G{1, z)), it is sufficient to show that U[G{k,y)) nZ//(G(Z,z)) is both open 
and closed in U[G{k,y)) . It is obvious that U{G{k,y)) Ci L((G{1, z)) is closed 
in l4(G{k,y)), so we need only establish that U[G{k,y)) nW(G(Z,z)) is open in 
U{Gik,y)). 

By Lemma [4.171 the piece U[G{k,y)^ may be defined in terms of any orbit it 
contains, so we may assume that some element of the G-orbit of {k, y) is contained 
in U{G{k,yyj ^U{G{1, z)) . Then the G-invariance of these two sets implies that 
G(k,y) C U{G{k,y)) nU{G{l,z)). By Proposition 14.181 an open neighborhood of 
(/c, y) in U{G{k, y)) is given by G(Vj^^j n (T*j, x A/)) for a sufficiently smaU shce 
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V(k,y) at {k,y). As above, we may assume V{^k,y) ^ V(h,x) by [BreI II. Corollary 
4.6] so that while V^j-^y) can then be taken to be linear, it need not be the image 
under the exponential map of a subset of the normal space N^i^ yy We will show 
that G{V^^y^ n (T^^ X M)) is contained in U{G{k,y)). 

As GVi^k,y) must contain some element of U[G{1, z)) , we may assume again by 
Lemma [4.171 that G{l,z) C GV(^k.y)- Moreover, by the proof of Lemma [4.101 we 
may choose the representative z) from the orbit G{1, z) such that {I, z) S V(fc,y)j 
k € < T(k,y)i and k G T*j Let K = G(^k,y) and L = G(i^2) so that L < K, 

and then (fc, y) G V^^^^ C {Vq, ,x))k ^ {V{h,x))L- Then we have 

(fc,2/)6(%^n(T*^xM). 

In particular, note that by our choice of (/, z) G ^(k,y) used to define the set 
U{G{1, z)), (fc,y) is in the closure of the set corresponding to the trivial element of 
Nh{'^{i,z)) in Equation (|44)) . 

For any {j,w) G V^y^ n (T*^^ ,^) x M), as j G Jl^ yy it follows that {GV^k^y^y = 
{GV(^k,y))'^ ■ In particular, k G T(;_2) < L implies that k fixes z) G V(^k,y) so that 
j G i as well. Since y-^ H (T^^, x Af ) is invariant under the action of scalar 
G [0, 1], and k is in the same connected component of L as Z, each such j is in the 
same connected component of L as Z also. Fix a (j, w) G V^y) H (T^^, x M). 

Then there is a Z G i such that /T(; ^jZ^^ is a Cartan subgroup of L associated to 
j. Hence G T(; ^-j, so that as I <E L < K — Gf^j^^^, we have l^^jl = j G ^{1.2)- 

Finally, note that as j G T*^, it is clear that {GV(^i^z)y = {GV^^z})'' for a slice 
V(;^^) chosen small enough so that GV(^i ;.^ C GV(s. j,). Therefore j ^ k as, elements 
of T(; 2-). Then as the connected component [k]° of the class of k as an element 
of T(;.2) intersects T^^ we have by Lemma that [/c]° C T^^ It follows that 

(j,w)G(vW))^n(T*;;;^xM), 

so as (j, w) G V^y-^ n (T(j, X M) was arbitrary, 

Vily) n (T^,,^) X M) c (v^;:!;)! n (T*^ x m) . 

Considering the G-saturations of both sides of this inclusion, it follows that each 
element of U {G{k, y)) r)U[G{l, z)) is contained in a neighborhood that is both open 
and closed in U{G{k, y)), completing the proof. □ 

Finally, we have the following. 

Proposition 4.21. The orbit Cartan type stratifications of AM and the inertia 
space AX both satisfy Whitney's condition B. 

The proof follows [PflI Thni. 4.3.7]. 

Proof. Let (/i,x) G AM, H — Zc^{h), and V(^,j.) a slice at {h,x) of the form 
exp(_B(-^ ^.-j), where 5(/t,x) is a ball around the origin in the normal space N(^i^ ,^y 
We work in the neighborhood U :— GV(^ j,) of {h, x) in AM, and show that for any 
stratum S € Z with {h, x) € S Whitney's condition B is satisfied at {h, x) for the 
pair of strata {R,S), where R is the piece of Z containing {h,x). Recall that Z 
is the decomposition of U given by Eq. ()4.7p . Recall also, that R is the connected 



INERTIA SPACES OF PROPER LIE GROUP ACTIONS 29 

component of G x) ^ O'lh x) ^ -^^)) containing {h, x). To describe the stratum 
S in some more detail, consider an orbit G{k,y) for (fc, y) £ S. As in the proof of 
Lemma [4. 101 we may choose the representative (fc, y) of the orbit G{k, y) such that 
(fc, y) 6 V(^ii^x), h £ T(/j < T(;i a;), and G T*^, In particular, we then have the 
relation K < H for the isotropy group K := ZQ^{k) of {k,y). As shown above, 5* 
coincides with the connected component oiU{G{k,y)^ containing {k,y). 

Suppose now that {hi,Xi)i^ti is a sequence in R and (fci,yi)igN a sequence in S, 
and that both sequences converge to {h,x). Assume in addition that in a smooth 
chart around {h,x) the secants £.i = {hi,Xi),{ki,yi) converge to a straight line £, 
and the tangent spaces T(^]^. y.-^S converge to a subspace t. Then we must show that 
£ C r. " " 

Note that the hypotheses imply that {h,x) G U[G{h,x)) r\U{G{k,y)^ . By the 
proof of Proposition 14.201 and the choices of (fc, y) and '^(k,y) Q K we obtain the 
relation 

(4-8) V^l,^ n (T^^,,) X M) C (F(,,,))a' n (T^ X M) . 

Moreover, since every element n G NH{T(^k.y)) fixes V^f^^^ fl (T^^ x M), it follows 
that V(^^) n (T^^ ^) X M) C nTJ^jU-^ x M as well, hence 

(4-9) V^l,^ n (T^,^,) X M) C n {nJj;;;^n-' x Af) . 

Denote by g the Lie algebra of G, by f) the Lie algebra of H, and let m denote the 
orthogonal complement of f) in g with respect to the initially chosen bi-invariant 
metric on G. Then there is a neighborhood U' C U ^ G Xh V{h,x) of {h,x) in 
G X M such that 

* : [/' — ^ m X N(^h,x), [exp|^^,exp(;j ,,)(t;)] i — > {^,v) 

is a smooth chart at {h,x), where expjj^j denotes the restriction of the exponential 
map of the Lie group G to m, and exp^^j ^-j the exponential function restricted to 
the open ball -B(/i C A^(/j .j.). By shrinking U' if necessary, we have that there is 
an open neighborhood O of iJ in G such that 

* {O {V^lx^ n (T^,^,) X A/))) c m X (a^(1,) nT(„,)(T^,_,) x M)) . 

We may assume that the sequences {hi,Xi)ien and are contained in U' . 

Since {ki,yi) £ U(^G{k,y)^, one knows that 

\ \«eJV«(T(fc,„)) 

Recall that there are only finitely many and pairwise disjoint sets jt-T*^ y^n~^, where 
n runs through the elements of Nh(T (^k y)). Moreover, by Lemma [4.9[ nT*j^ y)^~^ 
is disjoint from toT^^^^to^^ = m (t*/, m^^ for every m £ NniT^k yj) with 
nT*j. y-^n^^ 7^ '^"'"(fc y)^^^ ' Hence, we may assume without loss of generality that 

£ G ({y(^h,x))K n (moJli^ y-^m^^ X NlYj 
for all i and some toq £ Nh{J {k,y))- 
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Choose k e G such that {ki,yi) := k{ki,yi) g {V(^h,x))K for all i e N. Put 
{hi,Xi) := li{hi,Xi). After possibly passing to a subsequence, converges to 

some I E H, the secant lines £i = {hi,Xi), {ki,yi) converge to a straight line £, and 
the tangent spaces T^j,. -,^S converge to a subspace f. By definition, and since 

hT(ki,yi)S = Tfj, - jS* for all z, one obtains £ = l£, and f = It. Hence, the first 

claim is shown, if £ C f. Without loss of generality we may therefore assume that 
for alH e N 

(4.10) ih,y,) G iV^h.^))K n {moT*^k,y)mo^ x M), 

and then show £ Ct for the sequences (fci,?/i)igN and (hi, Xi)i^fi. 
Eq. (I4.10[) now means in particular that 

*(fc.,yOe{0}x ((iV(, ,x))k n exp(^^^) {moTl,,^y)mo ^ x Af) j . 

Since by Lemma H31 and the above observations rrioT^^, y-^mo^ is an open and closed 
subset of a closed subgroup of G and also contains h, the set 

V := N(^h,x) n T^h,x)[mo{Tli^ y^)m^^ x m) 

is a subspace of -/V(h.x)- Let W be the orthogonal complement of the invariant space 
in V with respect to the _ff-invariant scalar product induced from Vf^h -j-y Then 
the image under the chart ^ of every element of G[V^^ fl (T^,^ x Af)) n U' and 
every {ki,yi) is contained in 

m X {Wk U {0}) X V". 

With respect to this decomposition, {h^x) has coordinates (0,0,0), each element 

of G {v^^s^ n (T^^ X M)^ has coordinates contained in m x x , and each 

sequence element {ki,yi) has coordinates contained in {0} x Wk x . In particular, 
let 

'^{ki,yi) = {0,Wi,Vi) 

for every i. Then as Wk is invariant under multiplication by non- vanishing scalars, 
we have 

(^, w, V) := hm -—7- '- -7- G m x Wk x V" 

Now, as the unit sphere in W is compact, the sequence -^^^ converges to some 
w e SW after possibly passing to a subsequence. Then w = WwWw. Since Wk is 
invariant by non- vanishing scalars, we have 

m X span w x C r, 

and 

£ = span (^, w, v) C r, 

proving the first claim. 

Now let us show that the orbit Cartan type stratification of AX satisfies Whit- 
ney's condition B as well. To this end let us first choose a Hilbert basis of H- 
invariant polynomials pi,...,^^ : (^(^j.)) ^> K. of the orthogonal complement 
of the invariant space iV^^ in N^-^^r^y Next let p^+i, ■ . . ,Pn ■ ^ ^ with 

N = K + dim N^^ be a linear coordinate system of the invariant space. We can 
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even choose these pi m such a way that p^+i, ■ • • ,PK+dimV" is a hnear coordinate 
system of . By construction, pi, . . . ,pf^ then is a Hilbert basis of the normal 
space Nf^fi x)- Denote by p : N(^h^x) the corresponding Hilbert map. Recall 

that p induces a chart of KX over G\U by 

$ : G\[/ ^ R^, Gexp(^^,)(«) ^ p{v). 

Note that by iJ-invariance of p and since for every orbit in U there is a representative 
in V(^h,c), the chart ^ is well-defined indeed. A decomposition of U := '${G\U) 
inducing the orbit Cartan type stratification on G\U is given by 

Z:= {^{G\GS) I 5 e Z}. 

Let S d Z denote the stratum containing the orbit G{h,x), and S £ Z a stratum 
R such that G{h, x) lies in the closure of S. Now consider sequences of orbits 
[G{hi,Xi)^ .^^ in R and (G(fci, yi))^^^^ in S such that both sequences converge to 

G{h,x). Moreover, assume that the sequence of secants '^{G{hi,Xi)),'^{G{ki,yi)) 
converges to a line ^, and that the sequence of tangent spaces T:^^^^^, y .^^S converges 
to some subspace r C R^. Using notation from before, we can choose representa- 
tives {hi, Xi) and (fci, iji) having coordinates in m x (Wk U {0}) x C Ni^^ ,^-^ such 
that 

= (0,0, e {0} x {0} x V" and 

^'^'^^^ ■^{k^,y^) = (0, w„vi) e {0} xWkx V". 

Next observe that by the Tarski-Seidcnberg Theorem and the proof of Lemma 
I4.15[ the stratum S is semialgebraic as the image of the semialgebraic set {Wk x 
V") n under the Hilbert map p. By the same argument, p{Wk) is semial- 

gebraic, too, and an analytic manifold, since p{Wk) — Nh{K)\Wk — H\W(^k)- 
Moreover, the equality 

5 = b(M^K)xy^)np(i?(^,,)) 

holds true, where we have canonically identified with its image under the Hilbert 
map p. By Eq. (|4.1ip , this entails that 

(4.12) ? - ^hm T$(g(,^ ,^^^^5 = \\mTp^^^^^p{WK) x V" . 

Since p{Wk) is semialgebraic and an analytic manifold, jLojl Prop. 3, p. 103] 
by Lojasiewicz entails that p{Wk) satisfies Whitney's condition B over the origin. 
This means after possibly passing to subsequences, that C twk^ where Iwk 
is the limit line of the secants p{wi),0, and twk the limit of the tangent spaces 
Tp{w,)P{Wk) for i -> oo. By Eqs. (|4.1ip and (|4.12p this entails that 

This finishes the proof. □ 

Recall that p : AM AX denotes the quotient map, which is both open and 
closed by |tDie1 Prop. 3.1 (iv) and Prop. 3.6 (i)]. Hence, as the sets defining 
the S(^h,x) consist of entire G-orbits, and as the pieces of Z consist of connected 
components of G-orbits, Proposition 14.201 extends to the local decomposition in 
AX given by the TZc{h,x)- Therefore, combining Propositions 14.141 14.181 14.201 and 
14.211 we have completed the proof of Theorem 14.11 
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5. A De Rham Theorem for the Inertia Space 

In this section, we prove a de Rham theorem for the inertia space AX analogous 
to that of Saj] for singular symplectic reduced spaces. 

5.1. Differential Forms on the Inertia Space. Before constructing differential 
forms on the inertia space, let us briefly recall from |Pfl1 Prop. 1.2.7] that a 
stratification (in the sense of Mather |Mat73| ) of a locally compact topological 
space X induces a uniquely determined coarsest decomposition of X into strata. 
Applied to our situation, where we consider a compact Lie group G acting on a 
smooth manifold Af , we thus obtain a coarsest decomposition of AM which 
induces the stratification from Theorem 14.11 The elements of ^ are the strata of 
KM . It is easy to see that each stratum from Si is G-invariant and that the family 
of quotients {G\Z \ Z E S} forms a decomposition of AX which induces the 
natural stratification of the inertia space from Theorem 14. II Let us introduce some 
notation: l : AM G x M denotes the natural embedding of AM as a subspace 
and p: G x M ^ G\{G x M) the quotient map. Moreover, for each Z G f^, we 
denote by : Z G x M the inclusion and hy pz'- Z ^ G\Z the restricted 
quotient map. 

Let us construct in the following the sheaf of differential forms on the inertia 
space. Given /c g N we denote by fif^^ the sheaf of G-invariant differential /c-forms 
on G X M treated as a sheaf on G\(G x M). That is, if U is an open subset of 
G\(G X Af), then ^\^^{U) consists of the differential fc-forms cj G ^^{p^^{U)) on 
p~^{U) CG X M such that L*a; = w for ah g £ G, where Lg : G x M ^ G x M 
denotes the left action by g on G x M. Similarly, we let 17^^^^ denote the subsheaf 
of fii^^ consisting of G-basic differential forms on G x M or any of the G-manifolds 
Z C GxM. More precisely, ^^bas(^) consists of all G-invariant fc-forms uj on p~^{U) 
such that the interior product i^cxm'-^ with the fundamental vector field ^gxm 
vanishes for every ^ G g (cf. |Pfl| Sec. 5.3.1]). Now let W C AA be relatively 
open, and U C G\(G x M) open such that W = U D AX. By a differential k-form 
w on we now understand a collection of differential forms ujz on n {G\Z) for 
Z e S with W n (G\Z) ^ such that there is an cj G ^tviU) with p*zUJz = ''*z^ 
on its domain p^^{W) n Z. We denote the space of differential fc-forms on W by 
Vl^{W). One checks immediately that 51*^ then becomes a sheaf on AA. This sheaf 
is even fine, since by construction Vt^ is a C^-module sheaf, and Cx is fine as the 
structure sheaf of a differentiable space. 

Note that the form oj on J7 which represents the differential form w on need 
not be globally basic. We let rif^as denote the subsheaf of fif^^ consisting of fc-forms 
w such that for every Z £ S the pull-back t^w is a basic form on Z . That is, for 
each U C G\{G X M) open, we define 

^^fbas(t^) = G ^t{p-^{U))^ I i^^i*zUJ = for alU G fl and Z G 

We refer to sections of f^f^as ^ inertia-basic fc-forms. Intuitively, these correspond 
to fc-forms that are basic on each of the strata of AM. A form ui G n'^^^{G\{G x M)) 
is inertia-basic, but an inertia-basic form need not be basic on all of G x M . 
By definition, it is clear that we have a surjective linear map 
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and that this map has kernel 

I''{U) = {ue n''{p-^{U))^ I 4a; = for all Z e 
Hence we obtain isomorphisms 

n\w) - ni^iu)/i\u). 

In particular, when fc = 0, 

where I^{U) is the ideal of G-invariant smooth functions on p^^iJJ) which vanish on 
AM. By its definition in Section |3] the structure sheaf of KX can be naturally 
identified with the sheaf 17° on KX. 

Next let us show that the exterior derivative maps inertia-basic forms to inertia- 
basic forms. Suppose lu is an inertia-basic fc-form on p^^{U), i.e. that uj G ilf^^^{U). 
By Cartan's Magic Formula, we then conclude for each Z ^ '3) which intersects 
p~^{U) and each ^ £ g that 

Therefore, duj is inertia-basic as well, and we obtain a complex of sheaves 

(5.1) Max ^ C^c - ^ ^ ^ ■ • • , 

where Max denotes the sheaf of locally constant R- valued functions on KX. 

5.2. The Poincare Lemma for the Inertia Space. Let us show that the com- 
plex of sheaves (jS.ip is acyclic, or in other words that a Poincare Lemma holds 
true for forms on the inertia space. So suppose that w is a fc-form on p^^{U) for 
some open U C G\{G x M), and that dw £ X^^^{U). Choose a slice Vf^h^c) &t 
{h,x) G p~^{U) according to Proposition 13.91 so that GV(^h,x) Q P~^{U)- By possi- 
bly shrinking Vi^h,x) if necessary, we may assume by the slice theorem that Zr\V[h^x) 
is invariant under the action of i G (0, 1] for every Z £ Let H — Za^{h) denote 
the isotropy group of {h,x). Following |Pfl1 Lemmas 5.2.1 and 5.3.2], we define 

H: Gxh V^h.^) X [0, 1] ^ G X H V^h^^) 

by setting 

n{[g,{k,y)],t)^[g,{l~t)ik,y)]. 

Then "H is a G-invariant retraction of G X/^ Vj-^ onto GxH{{h,x)} which restricts 
to a G-invariant retraction of (G X// V(;j .j)) n AM onto a single orbit by Proposition 
13.91 Let us point out that by the slice theorem we can naturally identify G XHy{h,x) 
with the set GV(,,,^) C p'^{U). Next, let /C : rj'=(G x_y V(^,^) x [0, 1]) ^ fl''-^{G Xh 
y(h,x)) denote the homotopy operator which maps w to A^(w), where 



/CH([g,(fc,2/)]) = 




ds for 5 G G, {k,y) G V(h^x)- 



One checks (see [PflI Lemma 5.2.1]), that then 

dicH* + K:n*d = ni~'Ho, 

where Hs = 'H(— ,s) for s G [0,1]. Hence we obtain for the restriction of u to 
GV(^h,x) that 
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To prove that the right hand side of this equation hes in I^{U')^ where U' :~ 
p{V[h,x))i we will show that ICH* maps I^{U') into l''^^{U'). So suppose that 
rj G I*'{U') which means that L.*^rj = on p^^{U')r\Z . Let Hz denote the homotopy 

Hz : G (Z n V(n,.)) x [0, 1] ^ G (Z CW^u,.)) 

given by restricting %. Similarly, let K-z denote the restriction of the operator /C 
to rj''(G Xif (Z n V^h.x)))- Then the diagram 

G^H{Zr\V^h,x)) X [0,1] '"^'"^' l (Gxff X [0,1] 



GXHiZn V(h,x)) — ► GXH V(h,x) 

commutes. Since the operator /C clearly commutes with the restriction to Z , this 
entails 

L*zlC'H*r] ^ JCzn*zi*zV = 0. 
Moreover, since IC and Ti commute with the G-action, we obtain for ^ G g 

ifr'v IC'H*r] = ICH*ifr.v 11 = 0. 

It follows that ICH* maps I^{U') into I^^^{U'), so that the right hand side of 
Eq. (|5.2p lies in X^{U'), since cLlj G I^^^{U) by hypothesis. But this means that 
the sheaf complex Q,' on KX is exact, or in other words that the Poincare Lemma 
for forms on the inertia space holds true. 

Theorem 5.1. The cohomology of the complex n*{AX) of differential forms on 
AX naturally coincides with the singular (or Cech) cohomology of AX. Moreover, 
if X is compact, the cohomology of the de Rham complex Q*{AX) on the inertia 
space is finite dimensional. 

Proof. By the Poincare Lemma for forms on the inertia space, VL* provides a fine 
resolution of the sheaf of R- valued locally constant functions on AX. Since AX is 
locally compact and locally contractible, the cohomology of the complex ^'{AX) 
of global sections then has to coincide naturally with the singular cohomology on 
AX. Since AX is even triangulable, the cohomology of VI* {AX) even coincides 
with the Cech cohomology. The triangulability of AX also implies that for every 
open covering of AX there exists a locally finite subordinate good covering (see 
[PfPoTaIII Sec. 7]). This implies that under the assumption that X, hence AX is 
compact, the Cech cohomology of AX has to be finite dimensional. This completes 
the proof. □ 
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